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Compression, restoration and recognition are three of the key components of digital
imaging. The mathematics needed to understand and carry out all these components is
here explained in a textbook that is at once rigorous and practical with many worked
examples, exercises with solutions, pseudocode, and sample calculations on images. The
introduction lists fast tracks to special topics such as Principal Component Analysis,
and ways into and through the book, which abounds with illustrations. The first part
describes plane geometry and pattern-generating symmetries, along with some text on
3D rotation and reflection matrices. Subsequent chapters cover vectors, matrices and
probability. These are applied to simulation, Bayesian methods, Shannon’s Information
Theory, compression, filtering and tomography. The book will be suited for course use
or for self-study. It will appeal to all those working in biomedical imaging and diagnosis,
computer graphics, machine vision, remote sensing, image processing, and information
theory and its applications.
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Preface

This text is a successor to the 1992 Mathematics for Computer Graphics. It retains the
original Part I on plane geometry and pattern-generating symmetries, along with much
on 3D rotation and reflection matrices. On the other hand, the completely new pages
exceed in number the total pages of the older book.

In more detail, topology becomes a reference and is replaced by probability, leading
to simulation, priors and Bayesian methods, and the Shannon Information Theory. Also,
notably, the Fourier Transform appears in various incarnations, along with Artificial
Neural Networks. As the book’s title implies, all this is applied to digital images, their
processing, compresssion, restoration and recognition.

Wavelets are used too, in compression (as are fractals), and in conjuction with B-splines
and subdivision to achieve multiresolution and curve editing at varying scales. We con-
clude with the Fourier approach to tomography, the medically important reconstruction
of an image from lower-dimensional projections.

As before, a high priority is given to examples and illustrations, and there are exercises,
which the reader can use if desired, at strategic points in the text; these sometimes
form part of the exercises placed at the end of each chapter. Exercises marked with a
tick are partly, or more likely fully, solved on the website. Especially after Chapter 6,
solutions are the rule, except for implementation exercises. In the latter regard there are
a considerable number of pseudocode versions throughout the text, for example ALGO
11.9 of Chapter 11, simulating the d-dimensional Gaussian distribution, or ALGO 16.1,
wavelet compression with limited percentage error.

A further priority is to help the reader know, as the story unfolds, where to turn back
for justification of present assumptions, and to point judiciously forward for coming
applications. For example, the mentioned Gaussian of Chapter 11 needs the theory of
positive definite matrices in Chapter 8. In the introduction we suggest some easy ways
in, including journeys by picture alone, or by light reading.

Much of the material of this book began as a graduate course in the summer of 1988,
for Ph.D. students in computer graphics at the Ohio State University. My thanks are due
to Rick Parent for encouraging the idea of such a course. A further part of the book was
developed from a course for final year mathematics students at the University of Glasgow.
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I thank my department for three months’ leave at the Cambridge Newton Institute, and
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Introduction

Beauty is in the eye of the beholder ...

Why the quote? Here beauty is a decoded message, a character recognised, a discovered
medical condition, a sought-for face. It depends on the desire of the beholder. Given
a computer image, beauty is to learn from it or convert it, perhaps to a more accurate
original. But we consider creation too.

It is expected that, rather than work through the whole book, readers may wish to
browse or to look up particular topics. To this end we give a fairly extended introduction,
list of symbols and index. The book is in six interconnected parts (the connections are
outlined at the end of the Introduction):

I The plane Chapters 1-6;
II Matrix structures Chapters 7-8;
I Here’s to probability Chapters 9-11;
v Information, error and belief Chapters 12-13;
\" Transforming the image Chapters 14-16;
VI See, edit, reconstruct Chapters 17-18.

Easy ways in One aid to taking in information is first to go through following a sub-
structure and let the rest take care of itself (a surprising amount of the rest gets tacked
on). To facilitate this, each description of a part is followed by a quick trip through that
part, which the reader may care to follow. If it is true that one picture is worth a thousand
words then an easy but fruitful way into this book is to browse through selected pictures,
and overleaf is a table of possibilities. One might take every second or third entry, for
example.

Chapters 1-6 (Part I) The mathematics is geared towards producing patterns automati-
cally by computer, allocating some design decisions to a user. We begin with isometries —
those transformations of the plane which preserve distance and hence shape, but which
may switch left handed objects into right handed ones (such isometries are called
indirect). In this part of the book we work geometrically, without recourse to matrices.
In Chapter 1 we show that isometries fall into two classes: the direct ones are rotations

Xiii
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or translation, and the indirect ones reflections or glides. In Chapter 2 we derive the rules
for combining isometries, and introduce groups, and the dihedral group in particular. In
a short Chapter 3 we apply the theory so far to classifying all 1-dimensional or ‘braid’
patterns into seven types (Table 3.1).

From Chapter 4 especially we consider symmetries or ‘symmetry operations’ on
a plane pattern. That is, those isometries which send a pattern onto itself, each part
going to another with the same size and shape (see Figure 1.3 ff). A plane pattern is
one having translation symmetries in two non-parallel directions. Thus examples are
wallpaper patterns, floor tilings, carpets, patterned textiles, and the Escher interlocking
patterns such as Figure 1.2. We prove the crystallographic restriction, that rotational
symmetries of a plane pattern must be multiples of a 1/2, 1/3, 1/4 or 1/6 turn (1/5 is
not allowed). We show that plane patterns are made up of parallelogram shaped cells,
falling into five types (Figure 4.14).

In Chapter 5 we deduce the existence of 17 pattern types, each with its own set of
interacting symmetry operations. In Section 5.8 we include a flow chart for deciding
into which type any given pattern fits, plus a fund of test examples. In Chapter 6 we
draw some threads together by proving that the 17 proposed categories really are distinct
according to a rigorous definition of ‘equivalent’ patterns (Section 6.1), and that every
pattern must fall into one of the categories provided it is ‘discrete’ (there is a lower limit
on how far any of its symmetries can move the pattern).

By this stage we use increasingly the idea that, because the composition of two sym-
metries is a third, the set of all symmetries of a pattern form a group (the definition
is recalled in Section 2.5). In Section 6.3 we consider various kinds of regularity upon
which a pattern may be based, via techniques of Coxeter graphs and Wythoftf’s con-
struction (they apply in higher dimensions to give polyhedra). Finally, in Section 6.4 we
concentrate the theory towards building an algorithm to construct (e.g. by computer) a
pattern of any type from a modest user input, based on a smallest replicating unit called
a fundamental region.
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Chapters 1-6: a quick trip Read the introduction to Chapter 1 then note Theorem 1.18
on what isometries of the plane turn out to be. Note from Theorem 2.1 how they can all be
expressed in terms of reflections, and the application of this in Example 2.6 to composing
rotations about distinct points. Look through Table 2.2 for anything that surprises you.
Theorem 2.12 is vital information and this will become apparent later. Do the exercise
before Figure 2.19. Omit Chapter 3 for now.

Read the first four pages of Chapter 4, then pause for the crystallographic restriction
(Theorem 4.15). Proceed to Figure 4.14, genesis of the five net types, note Examples
4.20, and try Exercise 4.6 at the end of the chapter yourself. Get the main message of
Chapter 5 by using the scheme of Section 5.8 to identify pattern types in Exercises 5
at the end of the chapter (examples with answers are given in Section 5.7). Finish in
Chapter 6 by looking through Section 6.4 on ‘Creating plane patterns’ and recreate the
one in Exercise 6.13 (end of the chapter) by finding one fundamental region.

Chapters 7-8 (Part II) After reviewing vectors and geometry in 3-space we introduce
n-space and its vector subspaces, with the idea of independence and bases. Now come
matrices, representing linear equations and transformations such as rotation. Matrix
partition into blocks is a powerful tool for calculation in later chapters (8, 10, 15-17).
Determinants test row/equation independence and enable n-dimensional integration for
probability (Chapter 10).

In Chapter 8 we review complex numbers and eigenvalues/vectors, hence classify
distance-preserving transformations (isometries) of 3-space, and show how to determine
from the matrix of a rotation its axis and angle (Theorem 8.10), and to obtain a normal
vector from a reflection matrix (Theorem 8.12). We note that the matrix M of an isometry
in any dimension is orthogonal, that is MM" = I, or equivalently the rows (or columns)
are mutually orthogonal unit vectors. We investigate the rank of a matrix — its number
of independent rows, or of independent equations represented. Also, importantly, the
technique of elementary row operations, whereby a matrix is reduced to a special form,
or yields its inverse if one exists.

Next comes the theory of quadratic forms ) g;;x;x; defined by a matrix A = [a;;],
tying in with eigenvalues and undergirding the later multivariate normal/Gaussian dis-
tribution. Properties we derive for matrix norms lead to the Singular Value Decomposi-
tion: a general m x n matrix is reducible by orthogonal matrices to a general diagonal
form, yielding approximation properties (Theorem 8.53). We include the Moore—Penrose
pseudoinverse AT such that AX = b has best solution X = ATb if A~! does not exist.

Chapters 7-8: a quick trip Go to Definition 7.1 for the meaning of orthonormal vectors
and see how they define an orthogonal matrix in Section 7.2.4. Follow the determinant
evaluation in Examples 7.29 then ‘Russian’ block matrix multiplication in Examples
7.38. For vectors in coordinate geometry, see Example 7.51.

In Section 7.4.1 check that the matrices of rotation and reflection are orthogonal.
Following this theme, see how to get the geometry from the matrix in 3D, Example 8.14.
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Next see how the matrix row operations introduced in Theorem 8.17 are used for solving
equations (Example 8.22) and for inverting a matrix (Example 8.27).

Now look at quadratic forms, their meaning in (8.14), the positive definite case in Table
8.1, and applying the minor test in Example 8.38. Finally, look up the pseudoinverse of
Remarks 8.57 for least deviant solutions, and use it for Exercise 24 (end of chapter).

Chapters 9-11 (Part III) We review the basics of probability, defining an event E to
be a subset of the sample space S of outcomes, and using axioms due to Kolmogorov
for probability P(E). After conditional probability, independence and Bayes’ Theorem
we introduce random variables X: § — Ry, meaning that X allocates to each outcome
s some value x in its range Ry (e.g. score x in archery depends on hit position s). An
event B is now a subset of the range and X has a pdf (probability distribution function),
say f(x), so that the probability of B is given by the integral

P(B) = / ) dx.
B

or a sum if the range consists of discrete values rather than interval(s). From the idea of
average, we define the expected value u = E(X) = f xf(x) dx and variance V(X) =
E(X — 11)>. We derive properties and applications of distributions entitled binomial,
Poisson and others, especially the ubiquitous normal/Gaussian (see Tables 9.9 and 9.10
of Section 9.4.4).

In Chapter 10 we move to random vectors X = (X1, ..., X,), having in mind message
symbols of Part IV, and pixel values. A joint pdf f(xy, ..., x,) gives probability as an
n-dimensional integral, for example

P(X<Y)=/f(x,y)dxdy, where B = {(x, y): x < y}.
B

We investigate the pdf of a function of a random vector. In particular X + Y, whose pdf
is the convolution product f*g of the pdfs f of X and g of Y, given by

(f*9)z) = f f(tHg(z —t)de.
R

This gives for example the pdf of a sum of squares of Gaussians via convolution properties
of the gamma distribution. Now we use moments E(X]) to generate new pdfs from old, to
relate known ones, and to prove the Central Limit Theorem that X| + - - - + X,, (Whatever
the pdfs of individual X;) approaches a Gaussian as n increases, a pointer to the important
ubiquity of this distribution.

We proceed to the correlation Cov(X, Y) between random variables X, Y, then the
covariance matrix Cov(X) = [Cov(X;, X ;)] of a random vector X = (X;), which yields
a pdf for X if X is multivariate normal, i.e. if the X; are normal but not necessar-
ily independent (Theorem 10.61). Chapter 10 concludes with Principal Component
Analysis, or PCA, in which we reduce the dimension of a data set, by transforming
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to new uncorrelated coordinates ordered by decreasing variance, and dropping as many
of the last few variables as have total variance negligible. We exemplify by compressing
face image data.

Given a sample, i.e. a sequence of measurements X1, ..., X, of arandom variable X,
we seek a statistic f(Xy, ..., X,) to test the hypothesis that X has a certain distribution
or, assuming it has, to estimate any parameters (Section 11.1). Next comes a short intro-
duction to the Bayesian approach to squeezing useful information from data by means
of an initially vague prior belief, firmed up with successive observations. An important
special case is classification: is it a tumour, a tank, a certain character, . .. ?

For testing purposes we need simulation, producing a sequence of variates whose
frequencies mimic a given distribution (Section 11.3). We see how essentially any distri-
bution may be achieved starting from the usual computer-generated uniform distribution
on an interval [0, 1]. Example: as suggested by the Central Limit Theorem, the sum of
uniform variables Uy, ..., Uj; on [0, 1] is normal to a good approximation.

We introduce Monte Carlo methods, in which a sequence of variates from a suitably
chosen distribution yields an approximate n-dimensional integral (typically probability).
The method is improved by generating the variates as a Markov chain X1, X», ..., where
X; depends on the preceding variable but on none earlier. This is called Markov Chain
Monte Carlo, or MCMC. It involves finding joint pdfs from a list of conditional ones,
for which a powerful tool is a Bayesian graph, or net.

We proceed to Markov Random Fields, a generalisation of a Markov chain useful for
conditioning colour values at a pixel only on values at nearest neighbours. Simulated
annealing fits here, in which we change a parameter (‘heat’) following a schedule de-
signed to avoid local minima of an ‘energy function’” we must minimise. Based on this,
we perform Bayesian Image Restoration (Example 11.105).

Chapters 9—11: a quick trip Note the idea of sample space by reading Chapter 9 up to
Example 9.2(i), then random variable in Definition 9.32 and Example 9.35. Take in the
binomial case in Section 9.4.1 up to Example 9.63(ii). Now look up the cdf at (9.29) and
Figure 9.11.

Review expected value at Definition 9.50 and the prudent gambler, then variance at
Section 9.3.6 up to (9.39) and the gambler’s return. Now it’s time for normal/Gaussian
random variables. Read Section 9.4.3 up to Figure 9.20, then follow half each of Examples
9.75 and 9.76. Glance at Example 9.77.

Check out the idea of a joint pdf f(x, y) in Figure 10.1, Equation (10.4) and Example
10.2. Then read up the pdf of X 4+ Y as a convolution product in Section 10.2.2 up
to Example 10.18. For the widespread appearance of the normal distribution see the
introduction to Section 10.3.3, then the Central Limit Theorem 10.45, exemplified in
Figure 10.7. See how the covariance matrix, (10.44), (10.47), gives the n-dimensional
normal distribution in Theorem 10.61.

Read the introduction to Chapter 11, then Example 11.6, for a quick view of the
hypothesis testing idea. Now the Bayesian approach, Section 11.2.1. Note the meaning
of ‘prior’ and how it’s made more accurate by increasing data, in Figure 11.11.
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The Central Limit Theorem gives a quick way to simulate the Gaussian/normal: read
from Figure 11.21 to 11.22. Then, note how the Choleski matrix decomposition from
Chapter 8 enables an easy simulation of the n-dimensional Gaussian.

On to Markov chains, the beginning of Section 11.4 up to Definition 11.52, and
their generalisation to Markov random fields, modelling an image, Examples 11.79 and
preceding text. Take in Bayesian Image Restoration, Section 11.4.6 above Table 11.13,
then straight on to Figure 11.48 at the end.

Chapters 12-13 (Part IV) We present Shannon’s solution to the problem of mea-
suring information. In more detail, how can we usefully quantify the information in a
message understood as a sequence of symbols X (random variable) from an alphabet
A= {s1,...,s,},havingapdf{py, ..., p,}. Shannon argued that the mean information
per symbol of a message should be defined as the entropy

H(X)=H(p1, ..., pa) =) _ —pi log p;

for some fixed basis of logarithms, usually taken as 2 so that entropy is measured in bits
per symbol. An early vindication is that, if each s; is encoded as a binary word c;, the
mean bits per symbol in any message cannot be less than H (Theorem 12.8). Is there
an encoding scheme that realises H? Using a graphical method Huffman produced the
most economical coding that was prefix-free (no codeword a continuation of another).
This comes close to H, but perhaps the nearest to a perfect solution is an arithmetic code,
in which the bits per symbol tend to H as message length increases (Theorem 12.35).
The idea here extends the method of converting a string of symbols from {0, 1, ..., 9}
to a number between O and 1.

In the widely used LZW scheme by Lempel, Ziv and Welch, subsequences of the
text are replaced by pointers to them in a dictionary. An ingenious method recreates
the dictionary from scratch as decoding proceeds. LZW is used in GIF image encoding,
where each pixel value is representable as a byte, hence a symbol.

A non-entropy approach to information was pioneered by Kolmogorov: the informa-
tion in a structure should be measured as its Minimum Description Length, or MDL,
this being more intrinsic than a probabilistic approach. We discuss examples in which
the MDL principle is used to build prior knowledge into the description language and to
determine the best model for a situation.

Returning to Shannon entropy, we consider protection of information during its trans-
mission, by encoding symbols in a redundant way. Suppose k£ message symbols average
n codeword symbols X, which are received as codeword symbols Y. The rate of trans-
mission is then R = k/n. We prove Shannon’s famous Channel Coding Theorem, which
says that the transition probabilities { p(y|x)} of the channel determine a quantity called
the channel capacity C, and that, for any rate R < C and probability ¢ > 0, there is a
code with rate R and

P(symbolerror Y # X) < e.
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The codes exist, but how hard are they to describe, and are they usable? Until recent years
the search was for codes with plenty of structure, so that convenient algorithms could be
produced for encoding and decoding. The codewords usually had alphabet {0, 1}, fixed
length, and formed a vector space at the least. Good examples are the Reed—Solomon
codes of Section 13.2.4 used for the first CD players, which in consequence could be
surprisingly much abused before sound quality was affected.

A new breakthrough in closeness to the Shannon capacity came with the turbocodes
of Berrou et al. (Section 13.3.4), probabilistic unlike earlier codes, but with effective
encoding and decoding. They depend on belief propagation in Bayesian nets (Section
13.3.1), where Belief(x) = p(x|e) quantifies our belief about internal node variables x
in the light of evidence e, the end node variables. Propagation refers to the algorithmic
updating of Belief(x) on receipt of new information. We finish with a review of belief
propagation in computer vision.

Chapters 12—13: a quick trip Look up Shannon’s entropy at (12.7) giving least bits per
symbol, Theorem 12.8. Below this, read ‘codetrees’, then Huffman’s optimal codes in
Construction 12.12 and Example 12.13. Proceed to LZW compression in Section 12.7
up to Example 12.38, then Table 12.7 and Figure 12.20.

For Kolmogorov’s alternative to entropy and why, read Section 12.8.1 up to (12.34)
and their ultimate convergence, Theorem 12.54. For applications see Section 12.8.3 up
to ‘some MDL features’ and Figure 12.26 to ‘Further examples’.

Get the idea of a channel from Section 13.1 up to mutual entropy, (13.3), then
Figure 13.2 up to ‘Exercise’. Look up capacity at (13.23) (don’t worry about C(8)
for now). Next, channel coding in Section 13.1.6 to Example 13.33, the Hamming code,
and we are ready for the Channel Coding Theorem at Corollary 13.36.

Read the discussion that starts Section 13.2.5. Get some idea of convolution codes at
Section 13.3.2 to Figure 13.33, and turbocodes at Figures 13.39 and 13.40. For the belief
network basis of their probabilistic handling, look back at Section 13.3.1 to Figure 13.24,
then the Markov chain case in Figure 13.25 and above. More generally Figure 13.26.
Finally, read the postscript on belief networks in Computer Vision.

Chapters 14-16 (Part V) With suitable transforms we can carry out a huge variety
of useful processes on a computer image, for example edge-detection, noise removal,
compression, reconstruction, and supplying features for a Bayesian classifier.

Our story begins with the Fourier Transform, which converts a function f(¢) to a new
function F(s), and its relative the N -point Discrete Fourier Transform or DFT, in which
fand F are N-vectors:

N-1

00
F(s) = / f(t)e—2nist dt, and F, = ano e—2nikn/an'

We provide the background for calculus on complex numbers. Significantly, the relations
between numbers of the form e ~>7*/V result in various forms of Fast Fourier Transform,
in which the number of arithmetic operations for the DFT is reduced from order N2 to
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order N logy N, an important saving in practice. We often need a convolution f*g (see
Part III), and the Fourier Transform sends

f*g — F oG (Convolution Theorem),

the easily computed elementwise product, whose value at x is F(x)G (x); similarly for the
DFT. We discuss the DFT as approximation to the continuous version, and the significance
of frequencies arising from the implied sines and cosines. In general a 1D transform yields
an n-dimensional one by transforming with respect to one variable/dimension at a time.
If the transform is, like the DFT, given by a matrix M, sending vector f — Mf, then the
2D version acts on a matrix array g by

g— MgM" (= G),

which means we transform each column of g then each row of the result, or vice versa, the
order being unimportant by associativity of matrix products. Notice g = M~ 'G(MT)~!
inverts the transform. The DFT has matrix M = [w*"], where w = e~ 2"/N  from which
there follow important connections with rotation (Figure 15.4) and with statistical prop-
erties of an image. The Convolution Theorem extends naturally to higher dimensions.

We investigate highpass filters on images, convolution operations which have the
effect of reducing the size of Fourier coefficients Fj; for low frequencies j, k, and so
preserving details such as edges but not shading (lowpass filters do the opposite). We
compare edge-detection by the Sobel, Laplacian, and Marr—Hildreth filters. We introduce
the technique of deconvolution to remove the effect of image noise such as blur, whether
by motion, lens inadequacy or atmosphere, given the reasonable assumption that this
effect may be expressed as convolution of the original image g by a small array 4. Thus
we consider

blurred image = g*h — G o H.

We give ways to find H, hence G by division, then g by inversion of the transform (see
Section 15.3). For the case when noise other than blur is present too, we use probability
considerations to derive the Wiener filter. Finally in Chapter 15 we investigate compres-
sion by the Burt—Adelson pyramid approach, and by the Discrete Cosine Transform, or
DCT. We see why the DCT is often a good approximation to the statistically based K—L
Transform.

In Chapter 16 we first indicate the many applications of fractal dimension as a param-
eter, from the classical coastline measurement problem through astronomy to medicine,
music, science and engineering. Then we see how the ‘fractal nature of Nature’ lends
itself to fractal compression.

Generally the term wavelets applies to a collection of functions \Ill.j (x) obtained from
a mother wavelet WV (x) by repeated translation, and scaling in the ratio 1/2. Thus

W (x) = wQxix —i), 0<i<?2

We start with Haar wavelets, modelled on the split box W(x) equalto 1 on [0, 1/2),t0 —1
on [1/2, 1] and zero elsewhere. With respect to the inner product (f, g) = [f(x)g(x) dx
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for functions on [0, 1] the wavelets are mutually orthogonal. For fixed resolution J, the
wavelet transform is

f— its components with respect to ¢o(x) and W,/ (x),0 < j<J,0<i< 2/,

where ¢o(x) is the box function with value 1 on [0, 1]. Converted to 2D form in the usual
way, this gives multiresolution and compression for computer images. We pass from
resolution level j to j 4 1 by adding the appropriate extra components. For performing
the same without necessarily having orthogonality, we show how to construct the filter
bank, comprising matrices which convert between components at different resolutions.
At this stage, though, we introduce the orthogonal wavelets of Daubechies of which Haar
is a special case. These are applied to multiresolution of a face, then we note the use for
fingerprint compression.

Lastly in Part V, we see how the Gabor Transform and the edge-detectors of Canny
and of Marr and Hildreth may be expressed as wavelets, and outline the results of Lu,
Healy and Weaver in applying a wavelet transform to enhance constrast more effectively
than other methods, for X-ray and NMR images.

Chapters 14—16: a quick trip Look at Equations (14.1) to (14.4) for the DFT, or Dis-
crete Fourier Transform. Include Notation 14.3 for complex number foundations, then
Figure 14.3 for the important frequency viewpoint, and Figure 14.6 for the related filtering
schema.

For an introduction to convolution see Example 14.11, then follow the polynomial
proof of Theorem 14.12. Read Remarks 14.14 about the Fast Transform (more details
in Section 14.1.4). Read up the continuous Fourier Transform in Section 14.2.1 up to
Figure 14.13, noting Theorem 14.22. For the continuous—discrete connection, see points
1, 2, 3 at the end of Chapter 14, referring back when more is required.

In Chapter 15, note the easy conversion of the DFT and its continuous counterpart to
two dimensions, in (15.6) and (15.10). Observe the effect of having periodicity in the
image to be transformed, Figure 15.3, and of rotation, Figure 15.4.

Notice the case of 2D convolution in Example 15.14 and the convolution Theorems
15.16 and 15.17. Look through the high-versus lowpass material in Sections 15.2.2 and
15.2.3, noting Figures 15.15, 15.18, and 15.20. Compare edge-detection filters with each
other in Figure 15.23. Read up recovery from motion blur in Section 15.3.1, omitting
proofs.

For the pyramid compression of Burt and Adelson read Section 15.4 up to Figure
15.37 and look at Figures 15.39 and 15.40. For the DCT (Discrete Cosine Transform)
read Section 15.4.2 up to Theorem 15.49 (statement only). Note the standard conversion
to 2D in Table 15.8, then see Figures 15.42 and 15.43. Now read the short Section 15.4.3
on JPEG. Note for future reference that the n-dimensional Fourier Transform is covered,
with proofs, in Section 15.5.2.

For fractal dimension read Sections 16.1.1 and 16.1.2, noting at a minimum the key
formula (16.9) and graph below. For fractal compression take in Section 16.1.4 up to
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(16.19), then Example 16.6. A quick introduction to wavelets is given at the start of
Section 16.2, then Figure 16.23. Moving to two dimensions, see Figure 16.25 and its
introduction, and for image compression, Figure 16.27.

A pointer to filter banks for the discrete Wavelet Transform is given by Figure 16.28
with its introduction, and (16.41). Now check out compression by Daubechies wavelets,
Example 16.24. Take a look at wavelets for fingerprints, Section 16.3.4. Considering
wavelet relatives, look at Canny edge-detection in Section 16.4.3, then scan quickly
through Section 16.4.4, slowing down at the medical application in Example 16.28.

Chapters 17-18 (Part VI) B-splines are famous for their curve design properties, which
we explore, along with the connection to convolution, Fourier Transform, and wavelets.

The ith basis function N; ,,(#) for a B-spline of order m, degree m-1, may be obtained
as a translated convolution product b*b* - - -*b of m unit boxes b(f). Consequently, the
function changes to a different polynomial at unit intervals of ¢, though smoothly, then
becomes zero. Convolution supplies a polynomial-free definition, its simple Fourier
Transform verifying the usually used Cox—de Boor defining relations. Unlike a Bézier
spline, which for a large control polygon P, ... P, requires many spliced component
curves, the B-spline is simply

By(t)=) " Nim(®)P.

We elucidate useful features of B,,(¢), then design a car profile, standardising on cubic
splines, m = 4. Next we obtain B-splines by recursive subdivision starting from the
control polygon. That is, by repetitions of

subdivision = split 4 average,

where split inserts midpoints of each edge and average replaces each point by a linear
combination of neighbours. We derive the coefficients as binomials, six subdivisions
usually sufficing for accuracy. We recover basis functions, now denoted by ¢{ (x), starting
from hat functions. In the previous wavelet notation we may write

®/~! = &/ P/ (basis), where f/ = P/ /7!,

the latter expressing level j — 1 vectors in terms of level j via a matrix P/. Now we aim
for a filter bank so as to edit cubic-spline-based images. It is (almost) true that for our
splines (a) for fixed j the basis functions are translates, (b) those at level j + 1 are scaled
from level j. As before, we take V/ = span ®/ and choose wavelet space W/~! C VJ
to consist of the functions in V/ orthogonal to all those in V/~!. It follows that any f in
VJ equals g + h for unique g in V/~! and  in W/~!| this fact being expressed by

vittewi~t = v/,

A basis of W/~! (the wavelets) consists of linear combinations from V/, say the vector of
functions W/~! = ®/ @/ for some matrix Q. Orthogonality leaves many possible Q/,
and we may choose it to be antipodal (half-turn symmetry), so that one half determines
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the rest. This yields matrices P, Q, A, B for a filter bank, with which we perform editing
at different scales based on (for example) a library of B-spline curves for components of
a human face.

In the first appendix we see how to determine simple formulae for filter bank matrices,
using connections with polynomials. The second appendix introduces surfaces wavelets
as a natural generalisation from curves, and we indicate how a filter bank may be obtained
once more.

(Chapter 18) An artificial neural network, or just net, may be thought of firstly in
pattern recognition terms, converting an input vector of pixel values to a character they
represent. More generally, a permissible input vector is mapped to the correct output by
a process in some way analogous to the neural operation of the brain (Figure 18.1). We
work our way up from Rosenblatt’s Perceptron, with its rigorously proven limitations,
to multilayer nets which in principle can mimic any input—output function. The idea is
that a net will generalise from suitable input—output examples by setting free parameters
called weights. We derive the Backpropagation Algorithm for this, from simple gradient
principles. Examples are included from medical diagnosis and from remote sensing.

Now we consider nets that are mainly self-organising, in that they construct their own
categories of classification. We include the topologically based Kohonen method (and
his Learning Vector Quantisation). Related nets give an alternative view of Principal
Component Analysis. At this point Shannon’s extension of entropy to the continuous
case opens up the criterion of Linsker that neural network weights should be chosen
to maximise mutual information between input and output. We include a 3D image
processing example due to Becker and Hinton. Then the further Shannon theory of rate
distortion is applied to vector quantisation and the LBG quantiser.

Now enters the Hough Transform and its widening possibilities for finding arbitray
shapes in an image. We end with the related idea of fomography, rebuilding an image
from projections. This proves a fascinating application of the Fourier Transform in two
and even in three dimensions, for which the way was prepared in Chapter 15.

Chapters 17—18: a quick trip Go straight to the convolution definition, (17.7), and result
in Figure 17.7, of the ¢, whose translates, (17.15) and Figure 17.10, are the basis functions
for B-splines. (Note the Fourier calculation below Table 17.1.) See the B-spline Definition
17.13, Theorem 17.14, Figure 17.12, and car body Example 17.18. Observe B-splines
generated by recursive subdivision at Examples 17.33 and 17.34.

We arrive at filter banks and curve editing by Figure 17.32 of Section 17.3.3. Sam-
ple results at Figure 17.37 and Example 17.46. For an idea of surface wavelets, see
Figures 17.51 and 17.52 of the second appendix.

Moving to artificial neural networks, read Perceptron in Section 18.1.2 up to
Figure 18.5, note the training ALGO 18.1, then go to Figure 18.15 and Remarks follow-
ing. Proceed to the multilayer net schema, Figure 18.17, read ‘Discovering Backprop-
agation’ as far as desired, then on to Example 18.11. For more, see the remote sensing
Example 18.16.
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Now for self-organising nets. Read the introduction to Section 18.2, then PCA by
Oja’s method at (18.28) with discussion following, then the k-means method at Equation
(18.30) and Remarks 18.20. Consider Kohonen'’s topologically based nets via Example
18.21 (note the use of ‘neighbourhoods’) and remarks following.

Revisit information theory with differential entropy in Table 18.3, and the Gaussian
case in Theorem 18.29. Now observe the application of mutual entropy to nets, in Example
18.34 down to Equation (18.47). Pick up rate distortion from (18.60) and the ‘compression
interpretation’ below, then look at Theorem 18.48 (without proof) and Example 18.49.
With notation from (18.67) and (18.68), note Theorem 18.50. Read Section 18.3.6 to find
steps A, B then see the LBG quantization in Example 18.59 and the discussion following.

The last topic is fomography. Read through Section 18.4.2 then note the key projection
property, (18.79), and the paragraph below it. Observe Figure 18.63, representing the
interpolation step, then see the final result in Examples 18.65 and 66. Finally, note
‘higher dimensions’.

Which chapters depend on which

1-6 Each chapter depends on the previous ones.

7 Depends generally on Chapter 1.

8 Depends strongly on Chapter 7.

9 Little reliance on previous chapters. Uses some calculus.

10 Depends strongly on Chapters 8 and 9.

11 Builds on Chapter 10.

12 Basic probability from Chapter 9; last section uses random vectors from
Chapter 10.

13 Section 13.1 develops entropy from Section 12.1, whilst Section 13.2

uses vector space bases from Section 7.1.5. Belief networks in Section
13.3 recapitulates Section 11.4.4 first.

14 Uses matrices from Section 7.2, complex vectors and matrices from
Section 8.1.1, convolution from Section 10.2.2; evaluating the FFT uses
big O notation of Section 10.3.3.

15 Builds on Chapter 14. The Rotation Theorem of Section 15.1.3 uses the
Jacobian from Section 10.2.1, rotation from Section 7.4.1. Filter
symmetry in Section 15.2.3 uses Example 8.21(iii). The Wiener filter,
Section 15.3.4, needs functions of a random vector, Section 10.2, and
covariance, Section 10.4.2. Compression, Section 15.4, uses entropy
from Chapter 12.

16 Fractals, Section 16.1, uses the regression line from Section 11.1.4.
Sections 16.2 and 16.3 use vector spaces from Section 7.1.5, with inner
product as in (7.8), and the block matrices of Section 7.2.5. Also the
general construction of 2D transforms in Section 15.1.1, and the DCT in
Section 15.4.2. Section 16.4 makes wide use of the Fourier Transform
from Chapters 14 and 15.
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17 Depending strongly on Section 16.2 and Section 16.3, this chapter also
requires knowledge of the 1D Fourier Transform of Chapter 14, whilst
Section 17.3.2 uses dependent vectors from Section 7.1.5 and symmetry
from Example 8.21(iii).

18 The first three sections need probabililty, usually not beyond Chapter 10
except for Bayes at Section 11.2. Section 18.3 builds on the mutual
entropy of Chapter 13, whilst Section 18.4.1 uses the Sobel edge-detectors
of Section 15.2.4, the rest (Hough and tomography) requiring the Fourier
Transform(s) and Projection Theorem of Section 15.1.

18 17
Table of crude chapter dependencies. 16
13 15
A chapter depends on those it can
‘reach’ by going down the graph. 14
11 12
5.6 10
7-8
4 9
1-3

Some paths to special places

Numbers refer to chapters. Fourier Transform means the continuous one and DFT the discrete. ONB is
orthonormal basis, PCA is Principal Component Analysis, Gaussian equals normal.

n-dim Gaussian or PCA (a choice)
ONB — eigenvalues/vectors — similarity — covariance — PCA or n-dim Gaussian
7 8 8 10 10

Simulating Gaussians
Independent vectors — moments — Central Limit Theorem — Cholesky factors — simulation

10 10 10 8 11
Huffman codes
Entropy — noiseless encoding — codetrees — Huffman
12 12 12 12
Channel Coding Theorem
Random variables — joint pdf — entropy — mutual entropy — capacity — Shannon Theorem
9 10 12 13 13 13
JPEG
ONBs & orthogonal matrices — complex numbers — Discrete Cosine Transform — JPEG
7 8 15 15
Wiener filter

Complex nos. — Fourier Transform — Convolution Thm — pdfs & Fourier — Wiener filter
8 14,15 15 15 15
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Haar Wavelet Transform (images)
Inner product & ONBs — 1D Haar — 2D Haar— Haar Image Transform
7 16 16 16

B-splines & Fourier
Fourier Transform (1D) — Convolution Thm. — ¢; as convolution — Fourier Transform
14 14 17 17

Perceptron
Dot product — perceptron — edge-detector — learning algorithm
7 18 18 18

Vector quantisation
Entropy — mutual entropy — rate distortion — LBG versus k-means
12 13 18 18

Tomography
Complex numbers — DFT — Fourier Transform — Rotation & Projection Thms — Tomography
8 15 15 15 18



A word on notation

(1) (Vectors) We write vectors typically as x = (xy, ..., x,,), with the option x = (x;) if n is
known from the context. Bold x emphasises the vector nature of such x.

(2) (Rows versus columns) For vector—matrix multiplication we may take vector x as a row,
indicated by writing x A, or as a column, indicated by Ax. The row notation is used through
Chapters 1-6 in harmony with the image of a point P under a transformation g being denoted
by P#, so that successive operations appear on the right, thus:

xABC... and P7¢"-

Any matrix equation with vectors as rows may be converted to its equivalent in terms of
columns, by transposition: e.g. xA = b becomes ATxT = bT. Finally, to keep matrices on
one line we may write Rows[Ry, ..., R, ], or just Rows[R;], for the matrix with rows R;, and
similarly for columns, Cols[Cy, ..., C,].

(3) (Block matrices) Every so often it is expedient to perform multiplication with matrices which
have been divided (partitioned) into submatrices called blocks. This is described in Section
7.2.5, where special attention should be paid to ‘Russian multiplication’.

(4) (Distributions) Provided there is no ambiguity we may use the letter p generically for prob-
ability distributions, for example p(x), p(y) and p(x, y) may denote the respective pdfs of
random variables X, Y and (X, Y). In a similar spirit, the symbol list following concentrates
on those symbols which are used more widely than their first context of definition.

Here too we should mention that the normal and Gaussian distributions are the same thing,
the word Gaussian being perhaps preferred by those with a background in engineering.
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|A]

|AB|, |a|
AB

A(ay, ap)

a = (a1, a)
a-b

axb
gX—-Y
P8 and g(P)
Typ

1,

Ra(¢)

Ry(m/n)

Ry, Rap

D2n
R,Q.Z,N

[a, D], (a, b)

Symbols

Absolute value of real number A, modulus if
complex

Length of line segment AB, length of vector a

Line segment directed from point A to B

Point A with Cartesian coordinates (a1, a»)

General vector a or position vector of point A

Dot/scalar product ) a;b;

Vector product of vectors a, b

Function (mapping) from X to Y

Image of P under mapping g

The translation that sends point A to point B

The translation givenbyx — x +a

Rotation in the plane about point A, through
signed angle ¢

Rotation as above, through the fraction m/n of a
turn

(In the plane) reflection in mirror line m, in line
through A, B

The identity mapping, identity element of a
group

The inverse of a function or group element g

The product g~'hg, for transformations or group
elements g, &

The dihedral group of order 2n

The real numbers, rationals, integers, and
naturals 1,2, 3, ...

Closed interval a < x < b, open interval
a<x<b

XX1X

page 8, 166, 167

~N N

127
141

11
17
11
11,12
12
12
39,40

32
29

38
23,24

230
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Rn
i,j,k
ik

8(x)

1 =1,

Aan

agy or (A)y

diag {dy, ..., d,}

AT, A1
|A| or det A
Tr A

Ey
(A, B)
Alle, [ Allr

R(A), N(A)
C

Re z,Im z, Z, 7]

i0

€

{xn}nzl
Z,

A= Ax
A

log x, log, x, Inx

S
A AUB,ANB
P(A)

Cor ()
|A]

P(A | B)
P(X =x)

E(X)and V(X)

Symbols

Euclidean n-space

Unit vectors defining coordinate axes in 3-space

The Kronecker delta, equal to 1 if i = &,
otherwise 0

The Dirac delta function

The identity n X n matrix

Matrix A with m rows and n columns

The entry in row i, column k, of the matrix A

The square matrix whose diagonal elements are
d;, the rest 0

The transpose of matrix A, its inverse if square

The determinant of a square matrix A

The trace (sum of the diagonal elements a;;) of a
matrix A

Matrix whose i, k entry is 1, and the rest 0

Inner product of matrices (as long vectors)

Frobenius and ratio norms of matrix A (subscript
F may be omitted)

Row space, null space, of matrix A

The complex numbers z = x + yi, where
P=-1

Real part, imaginary part, conjugate, modulus
of z

The complex number cos 6 + isin 8

Sequence x, x3, X3, ...

The field of size 2

Alphabet for a channel random variable X

Attractor of an Iterated Function system

Logarithm to given base, to base 2, to base e
(natural)

Sample space in probability theory

Complement, union, intersection, of sets or events

Probability that event A occurs

Number of ways to choose r things from 7.
Equals n!/(r!(n — r)!)

Size of set or event A

Conditional probability of A given B

Probability that random variable X takes value x

Expected value and variance of random
variable X

120, 121
116
119

544
127
127
126, 127
128

128, 129
131
164, 165

140
203
193

172, 177
162, 163

163

163
276
469
445
653
398

210
210, 211
212
215

219
227
235,237



X ~ N(u,0?)

I'x)

Lo u(x)
X

N

0
frg

h=fog
Ula, b]
Cov(X,7Y)

Cov(X)
H(X) =
H(pi, ..., pn)
H(x)
d(pliq)

H(X,Y), HX]|Y)
1(X;Y)

f—>F

Rpyq

sinc(x)

V2f

LoG, DoG
llf(zc), ll(l-’(X)
W7, W/ (x)
Vi, ®J(x)
Ve w
P,0,A,B
Py... P,
b(t), i (x)
Ni,m(x)

(...,7‘_1,1’0,}"1,...

e,»j(X)
(fs h)
G

Symbols

X is normal (Gaussian) with E(X) = u,
V(X)=o0?

Gamma function

Gamma distribution with parameters o, u

Sample mean

Estimate of distribution parameter 6

Convolution product: functions (‘continuous’),
arrays (‘discrete’)

Elementwise product i(x) = f(x)g(x)

Uniform distribution on interval [a, b]

Covariance/correlation between random
variables X, Y

Covariance matrix of random vector X = (X;)

Entropy of random variable X with pdf
{p1,..., pu}

Sameas H(x,1 —x),0<x <1

Kullback—Liebler distance between probability
distributions p(x), g(x)

Joint entropy, conditional entropy

Mutual entropy

Fourier Transform. F is also written for F[ f]

Cross-correlation of functions f, g

(sinmx)/mx (sometimes (sinx)/x, as in
Section 14.3)

Laplacian of f

Laplacian of Gaussian, Difference of Gaussians

Mother wavelet, derived wavelets

Wavelet space, basis

Scaling space, basis

Sum of vector spaces

Filter bank matrices

Control polygon

Box function, spline function

B-spline basis function of order m, degree m-1,

Averaging mask for subdivision

Hat function

Inner product of functions f and &

Gram matrix of inner products: g = (fi, hx)
(allows h = f)
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271,

523,524,

6606,

660,

245

238
249
305
309
531

533
230
285

287
397

399
432

446
446
542
544
542

573
594
659
665
665
662
667
668
693
698
711
711
748
721
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Sfi(x)
tanh(x)
Aw
h(X)

R, R(D)

Symbols

Reciprocal polynomial of f(x) (coefficents in
reverse order)

Hyperbolic tangent (e* —e™)/(e* +e™%)

Update to weight vector w

Differential entropy of continuous random
variable X

Code rate, Shannon’s Rate Distortion function

483
769
771
794

464, 805
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Isometries

1.1 Introduction

One practical aim in Part I is to equip the reader to build a pattern-generating computer
engine. The patterns we have in mind come from two main streams. Firstly the geometri-
cal tradition, represented for example in the fine Moslem art in the Alhambra at Granada
in Spain, but found very widely. (See Figure 1.1.)

Less abundant but still noteworthy are the patterns left by the ancient Romans (Field,
1988). The second type is that for which the Dutch artist M. C. Escher is famous,
exemplified in Figure 1.2, in which (stylised) motifs of living forms are dovetailed
together in remarkable ways. Useful references are Coxeter (1987), MacGillavry (1976),
and especially Escher (1989). In Figure 1.2 we imitate a classic Escher-type pattern.

The magic is due partly to the designers’ skill and partly to their discovery of certain
rules and techniques. We describe the underlying mathematical theory and how it may
be applied in practice by someone claiming no particular artistic skills.

The patterns to which we refer are true plane patterns, that is, there are translations
in two non-parallel directions (opposite directions count as parallel) which move every
submotif of the pattern onto a copy of itself elsewhere in the pattern. A translation is
a movement of everything, in the same direction, by the same amount. Thus in Figure
1.2 piece A can be moved to piece B by the translation represented by arrow a, but no
translation will transform it to piece C. A reflection would have to be incorporated.

Exercise The reader may like to verify that, in Figure 1.1, two smallest such transla-
tions are represented in their length and direction by the arrows shown, and determine
corresponding arrows for Figure 1.2. These should be horizontal and vertical.

But there may be much more to it.

More generally, we lay a basis for understanding isometries — those transformations
of the plane which preserve distance — and look for the easiest ways to see how they
combine or can be decomposed. Examples are translations, rotations and reflections. Our
approach is essentially geometrical. An important tool is the idea of a symmetry of a plane
figure; that is, an isometry which sends every submotif of the pattern onto another of the
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Figure 1.1 Variation on an Islamic theme. For the original, see Critchlow (1976), page
112. The arrows indicate symmetry in two independent directions, and the pattern is
considered to continue indefinitely, filling the plane.

6% % %o %o %o %o %0 %0 %0 %o Yo Yo %o Yo Voo %o %o Yo Yo Yo Yo Yo Yo Yo %o Yo Yo Yo Yo Yo Yo Yo %o Yo Yo Yo Yo Yo

%o %Yo %o %o Yo Yoo Yo Yoo Yo Yoo Yo Yoo Yo Yoo Yo Yoo Yo Yo %o Yo Yo %o Yo Yo Yo Yo Yo Yo Yo Yo %o Yo Yo
Figure 1.2 Plane pattern of interlocking birds, after M. C. Escher.

same size and shape. (The translations we cited for Figure 1.2 are thus symmetries, but
we reiterate the idea here.) For example, the head in Figure 1.3(a) is symmetrical about
the line AB and, corresponding to this fact, the isometry obtained by reflecting the plane
in line AB is called a symmetry of the head. Of course we call AB a line of symmetry. In
Figure 1.3(b) the isometry consisting of a one third turn about O is a symmetry, and O is
called a 3-fold centre of symmetry. In general, if the 1/n turn about a point A (n maximal)
is a symmetry of a pattern we say A is an n-fold centre of symmetry of the pattern.
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(a)
Figure 1.3

The key idea is that the collection of all symmetries, or symmetry operations, of a
figure form a group G (see Section 2.5). Here this means simply that the composition
of any two symmetries is another, which is sometimes expressed by saying that the set
of symmetries is closed under composition. Thus, for Figure 1.3(a) the symmetry group
G consists of the identity I (do nothing) and reflection in line AB. For Figure 1.3(b), G
consists of 7, a 1/3 turn T about the central point, and a 2/3 turn which may be written 72
since it is the composition of two 1/3 turns 7. In fact, every plane pattern falls into one
of 17 classes determined by its symmetry group, as we shall see in Chapter 5. That is,
provided one insists, as we do, that the patterns be discrete, in the sense that no pattern
can be transformed onto itself by arbitrarily small movements. This rules out for example
a pattern consisting of copies of an infinite bar - - - I - - -

Exercise What symmetries of the pattern represented in Figure 1.1 leave the central
point unmoved?

Section 6.3 on tilings or tessellations of the plane is obviously relevant to pattern
generation and surface filling. However, I am indebted to Alan Fournier for the comment
that it touches another issue: how in future will we wish to divide up a screen into pixels,
and what should be their shape? The answer is not obvious, but we introduce some of
the options. See Ulichney (1987), Chapter 2.

A remarkable survey of tilings and patterns is given in Griinbaum and Shephard (1987),
in which also the origins of many familiar and not-so-familiar patterns are recorded. For
a study of isometries and symmetry, including the ‘non-discrete’ case, see Lockwood
and Macmillan (1978), and for a connection with manifolds Montesinos (1987).

Now, a plane pattern has a smallest replicating unit known as a fundamental region F
of its symmetry group: the copies of F obtained by applying each symmetry operation
of the group in turn form a tiling of the plane. That is, they cover the plane without
area overlap. In Figure 1.2 we may take any one of A, B, C as the fundamental region.
Usually several copies of this region form together a cell, or smallest replicating unit
which can be made to tile the plane using translations only. Referring again to Figure
1.2, the combination of A and C is such a cell.
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Section 6.4, the conclusion of Part I, shows how the idea of a fundamental region
of the symmetry group, plus a small number of basic generating symmetries, gives
on the one hand much insight, and on the other a compact and effective method of
both analysing and automating the production of patterns. This forms the basis of the
downloadable program polynet described at the end of Chapter 6. This text contains
commercial possibilities, not least of which is the production of books of patterns and
teach-yourself pattern construction. See for example Oliver (1979), Devaney (1989),
Schattschneider and Walker (1982), or inspect sample books of wallpaper, linoleum,
carpeting and so on.

We conclude by noting the application of plane patterns as a test bed for techniques
and research in the area of texture mapping. See Heckbert (1989), Chapter 3.

1.2 Isometries and their sense

We start by reviewing some basic things needed which the reader may have once known
but not used for a long time.

1.2.1 The plane and vectors

Coordinates Points in the plane will be denoted by capital letters A, B, C, ... Itis often
convenient to specify the position of points by means of a Cartesian coordinate system.
This consists of (i) a fixed reference point normally labelled O and called the origin,
(ii) a pair of perpendicular lines through O, called the x-axis and y-axis, and (iii) a chosen
direction along each axis in which movements are measured as positive.

Thus in Figure 1.4 the point A has coordinates (3, 2), meaning that A is reached from
O by a movement of 3 units in the positive direction along the x-axis, then 2 units in
the positive y direction. Compare B (—2, 1), reached by a movement of 2 units in the
negative (opposite to positive) x-direction and 1 unit in the y-direction. Of course the two
component movements could be made in either order.

| N

A(3, 2)

B(-=2, 1)

I — -
X

Figure 1.4 Coordinate axes. The x-axis and y-axis are labelled by lower case x, y and
often called Ox, Oy. Positive directions are arrowed.
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B B B

A A A
(i) 4B (i) 4B (i) B4

Figure 1.5(a) Directed and undirected line segments.

Lines The straight line joining two points A, B is called the line segment AB. As in the
case of coordinates, we need the technique of assigning to AB one of the two possible
directions, giving us the directed line segments AB or BA, according as the direction is
towards B or towards A. This is illustrated in Figure 1.5(a).

Length |AB| denotes the length of the line segment AB, which equals of course the
distance between A and B. Sometimes it is useful to have a formula for this in terms of
the coordinates A (ay, a>) and B (by, by):

|AB| =V (b) — a1)? 4 (by — a2)?. (1.1)

Exercise Prove Formula (1.1) by using the theorem of Pythagoras.

Vectors A vital concept as soon as we come to translation (Section 1.2.2(a)), a vector
is any combination of a distance, or magnitude, and a direction in space. (For now, the
plane.) Thus every directed line segment represents some vector by its direction and
length, but the same vector is represented by any line segment with this length and
direction, as depicted in Figure 1.5(b).

Figure 1.5(b) Directed line segments representing the same vector a.

A letter representing a vector will normally be printed in bold lower case thus: a, and
although the directed line segment AB of Figure 1.5(b), for example, has the additional
property of an initial point A and end point B we will sometimes allow ourselves to
write for example a = AB = CD = b, to mean that all four have the same magnitude
and direction. With the length (magnitude) of a vector x denoted by |x|, the statement
then includes |a| = |AB| = |CD| = |b|. Also it is often convenient to drop the letters,
in a diagram, leaving an arrow of the correct length and direction thus: —. The angle
between two vectors means the angle between representative directed line segments AB,
AC with the same inital point.

Components and position vectors By contrast with the previous paragraph, we may
standardise on the origin as initial point, representing a vector a by segment OA. Then
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we write
a = (ay, az),

where ap, a, play a double role as the coordinates of point A, and
the components of vector a. Further, since @ now defines uniquely the
position of the point A, we call a the position vector of A (with respect
to origin O). Similarly a point B has position vector b = (by, b;), and
so on (Figure 1.6). Alternatively we may write r4 for the position
vector of A.

Of course x, y will remain alternative notation for the coordinates,
especially if we consider a variable point, or an equation in Cartesian coordinates, such
as x = m for the line perpendicular to the x-axis, crossing it at the point (i, 0).

Figure 1.6

Scalar times vector In the context of vectors we often refer to numbers as scalars,
to emphasise that they are not vectors. We recall that the magnitude or absolute value
of a scalar A is obtained by dropping its minus sign if there is one. Thus |A| = —A if
A < 0, otherwise |A| = A. If @ is a vector and A a scalar then we define Aa as the vector
whose magnitude equals the product |A| |a|, and whose direction is that of @ if 1 > 0 and
opposite to a if A < 0. If A = 0 then we define the result to be the anomalous vector 0,
with zero magnitude and direction undefined. As in the illustration below, we usually
abbreviate (—1)a to —a, (—2)a to —2a, and so on. Also (1/c)a may be shortened toa /c

(c #0).
Examples

a (3/2)a —a
_— >

Adding vectors To add two vectors we represent them by directed line segments placed
nose to tail as in Figure 1.7(a). Subtraction is conveniently defined by the scalar times
vector schema: a — b = a + (—b), as in Figure 1.7(b). Diagrams are easily drawn to
confirm that the order in which we add the vectors does not matter: a +b =b + a (a
parallelogram shows this), anda + (b + ¢) = (a + b) + c.

A

(b)

Figure 1.7 Finding (a) the sum and (b) the difference of two vectors by placing them
nose to tail.
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Rules Let a, b be the position vectors of A, B. Then

a+b=(a+by,a+by), (1.2a)
ra = (Aay, Aay), (1.2b)
AB=b—a. (1.2¢)

Proof For (1.2a) we refer to Figure 1.7(a), and imagine coordinate axes with point A
as origin, taking the x-direction as due East. Then a; + b; = (amount B is East of A) +
(amount C is East of B) = amount C is East of A = first component of C. The second
components may be handled similarly. Equation (1.2b) is left to the reader. To establish
(1.2¢), we note that the journey from A to B in Figure 1.6 may be made via the origin:
AB=AO0+ OB =(—a)+b.

The section formula The point P on AB with AP : PB = m : n (illustrated below) has
position vector p given by

m n

1
p = ——(mb + na). (1.3)
A p B m-+n
Often called the section formula, this is extremely useful, and has the virtue of covering
cases such as (i), (i) shown below in which P does not lie between A and B.

0 2 1 This means that AP and PB are in opposite di-
A B P rections and so m, n have opposite signs. Thus in
Case (1) AP = —3PB and we may write AP: PB =
3 : —1 (or, equally, —3:1), whilst Case (ii) entails
(i 3 2 AP = —(3/5)PB, or AP : PB = —3:5.
P 4 B This said, (1.3) is easily proved, for nAP = mPB,
so by (1.2) n(p — a) = m(b — p), which rearranges as (m + n)p = mb + na.

Exercise Draw the diagram for proving (1.2a), marking in the components of a and b.

Application 1.1 This is a handy illustration of the use of vectors to prove a well-known
fact we will need in Chapter 6: the medians of a triangle ABC all pass through the point
G (centre of gravity), whose position vector is
g=1@+b+o).

A To prove this, label the midpoints of the sides by

D, E, F as shown. By (1.3), D has position vector

F E d = (1/2)(b + ¢). So, again by (1.3), the point that di-

vides median AD in the ratio 2: 1 has position vector

(1/3)(2d + 1a), which equals (1/3)(a + b + ¢) on sub-

stituting for d. But this expression is symmetrical in
a, b, c, and so lies on all three medians, dividing each in the ratio 2: 1.

1

B
D C

Note The use of components gives an important way to calculate with vectors, which will
come into its own in Chapter 7. Before then, our arguments will be mostly geometrical,
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with components as a tool in some exercises. However, we give both a geometrical and
a coordinate proof of (1.14) a little further on, which the reader may find interesting for
comparison purposes at that point.

Exercise Use position vectors and (1.3), which applies equally in 3-space (indeed, in
any dimension), to prove the following facts about any tetrahedron ABCD. (i) The four
lines joining a vertex to the centroid of its opposite face are concurrent at a point G which
divides each such line in the ratio 3 : 1, (ii) the three lines joining midpoints of pairs of
opposite edges all meet in G.

1.2.2 Isometries

Definition 1.2 A transformation g of the plane is a rule which assigns to each point P a
unique point P8, or P’, called the image of P under g. (Note that P# does not mean P
‘to the power of” g.) We think of g as moving points around in the plane. We also call g
a map or mapping of the plane onto itself, and say g maps P to P’. An isometry of the
plane is a transformation g of the plane which preserves distances. That is, for any two
points P, Q:

|P'Q'| =|PQI. (1.4)

The reader is advised not to think first of the formula (1.4) but to start from the idea of
isometries preserving distance. Of course the same definition is applicable to 3-space or
even higher dimensions, and we pursue this in Part II (Chapters 7-8). An important first
consequence of the definition is as follows.

An isometry g transforms straight lines into straight
lines, and preserves the (unsigned) size of angles. (1.5)

Proof of (1.5). We refer to Figure 1.8. It suffices to show that if points A, B, C lie on a
straight line, then so do their images A’, B’, C’. Suppose B lies between A and C. Then
elementary geometry tells us that

|AC| = |AB| + |BC],

4 . e F'

A
D
B L] a
B' L] E/
c E
° F

C'e

Figure 1.8 Points A, B, C on a straight line, a triangle DEF, and their images under an
isometry. The magnitude of angle ¢ is preserved.



1.2 Isometries and their sense 11

Figure 1.9 The translation Ty is an isometry as |P'Q’| = |PQ| always.

and therefore, from condition (1.4) of an isometry, the same holds with A, B, C replaced
by A’, B’, C’'. Consequently, A’, B’, C’ also lie on a straight line, and the first assertion
of (1.5) is established: straight lines are transformed to straight lines. Now, given this,
let us view the angle ¢ between two lines as the vertex angle of some triangle DEF,
transformed by g into another triangle, D'E’F’ — which must be congruent to DEF
because the lengths of the sides are unchanged by g. Thus the vertex angle is unchanged,
laying aside considerations of sign. This completes the proof.

Notation 1.3 The following are convenient at different times for referring to the image
of P under a transformation g:

(i) P, (ii) P, (iii) g(P).

We shall explain in Section 1.3.1 the significance of our choosing (ii) rather than (iii).
In each case the notation allows us to replace P by any figure or subset F in the plane.
Thus figure F¢ consists of the images of the points of F, or F& = {x8: x € F}. For
example, if F is the lower palm tree in Figure 1.9, with g = T, (see previous page) then
F'8 is the upper. The heads of Figure 1.11 provide a further example.

Three types of isometry At this juncture it is appropriate to discuss the three most
familiar types of isometry in the plane. The remaining type is introduced in Section 1.3.2.

(a) Translation For any vector a the translation 7, of the plane is the transformation in
which every point is moved in the direction of a, through a distance equal to its magnitude
lal.

Thus PP’ = a (in magnitude and direction). To show that 7, is an isometry, suppose
it sends another point Q to Q’. Then a = QQ’, so that PP’ and QQ’ are parallel and
equal, making a parallelogram PP'Q’Q. Hence, by an elementary theorem in geometry,
|P'Q'| = |PQ|, and T, has indeed preserved distances.

Notation 1.4 P’ is also called the franslate of P (by T,). Notice that T, sends x to
x +a, when we identify a point X with its position vector x. More geometrically, if
a = PQ we may write unambiguously 7, = Tp, the translation which takes P to Q.

(b) Rotation As illustrated in Figure 1.10, let the transformation R4(¢) be
R 4(¢) = rotation about the point A through the angle ¢.
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Figure 1.10 Rotation about the point A through positive angle ¢.

Notice that ¢ is a signed angle; it is positive if the rotation is anticlockwise

(counterclockwise), negative in the clockwise case. In Figure 1.10 we see why rota-
tion is an isometry: by definition, |[AP’| = |AP|, |AQ’| = |AQ| and, signs excluded,
B+ y =¢ =a+ y, hence o = B. This establishes congruence of triangles PAQ, P’AQ’
(two sides and the included angle), which includes the equality |P'Q’| = |PQ|. Thus
R (@) preserves distance and so is an isometry.

Remarks 1.5

1.

We will often use the special notation R4(1/n) for a 1/n turn about point A and R4(m/n) for
m nths of a turn, negative m denoting a clockwise direction. Thus R4(2/3) is a 2/3 turn about
A. Note that R4(¢) is distinguished from reflection notation below by the ‘(¢)’ part.

. A rotation through any number of complete turns leaves every point where it began, and so

is the identity isometry I of Section 1.1 One whole turn is the angle 27, measured in radians.
Thus rotation through ¢ + 27 is the same isometry as rotation through ¢. We only count the
final position of each point, not its route to get there.

. A 1/2 turn R4 (), or R4(1/2), reverses the direction of every line segment AB starting at A.

In particular the 1/2 turn about the origin sends the point (x, y) to (—x, —y).

. The effect of a rotation through the angle ¢ may be obtained by rotation in the opposite

direction, for example through the angle —(2m — ¢). So R4(2/3) is equivalent to R4(—1/3),
a clockwise 1/3 turn.

(c) Reflection Let R, denote the transformation of the plane obtained by reflecting every
point P in the line m. That is, as we indicate in Figure 1.11, PP’ is perpendicular to m,
and P, P’ are at equal distances from m but on opposite sides.

m

Figure 1.11 Reflection in a line m.
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Notation 1.6 We may call m the mirror, or mirror line, for the reflection. It is often useful
to let R4p denote reflection in a line m which contains points A, B, and let R,y py—c
denote reflection in the line ax + by = c.

Example 1.7 The following simple formula will be especially useful in Section 6.4.4,
and meanwhile for alternative ways to establish many results in the text (cf. the second
part of Theorem 1.18) and Exercises. It states that, in coordinates, reflection in the line
x = m is given by

(x,y) > Cm —x,y), (1.6)

meaning that the isometry R,_,, sends the point (x, y) to 2m — x, y).
Proof From the definition of reflection, the y coor-
" " dinate is unchanged since the mirror is parallel to

the y-axis, but x becomes m + (m — x), which equals
2m — x.

Example 1.8 We use coordinates to show that reflection is an isometry. We may choose
the coordinate system so that the mirror is the y-axis, giving m = 0 in the reflection
formula (1.6). Referring to Figure 1.11, suppose the coordinates are P(p;, p,), and so
on. Then the distance formula (1.1) gives

|P'Q1> = (q; — p)* + (@5 — p)
=(—q1 + p)’ +(q2— p2)°
= |PQJ?, as required.

Exercise Give a geometrical proof that, in Figure 1.11, we have |P’Q’| = |PQ| and hence
that R,, is an isometry, considering also the case where P, Q are on opposite sides of the
mirror.

1.2.3 The sense of an isometry

In Figure 1.11 the reflection transforms the right looking face into one that looks to
the left (and vice versa). We will see in Theorem 1.10 that an isometry which reverses
one face will consistently reverse all. In more directly geometrical terms, it reverses the
direction of an arrow round a circle as in Figure 1.12, so we proceed as follows.

Sense Any three non-collinear points A, B, C lie on a unique circle, and the sense of
an ordered triple A BC means the corresponding direction round the circle, as in Figure
1.12. This is also the direction of rotation of BC (about B) towards BA. We give angle
ABC (letters in that order) a positive sign if triple ABC is anticlockwise; then CBA is
clockwise and angle CBA is negative.

Notice that the cyclically related triples ABC, BCA, CAB all specify the same direction
round a circle (anticlockwise in Figure 1.12) and that their reverses CBA, ACB, BAC
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A A
B B/
c o
m
ABC is anticlockwise A'B'C'is clockwise
Angle ABC is positive Angle A'B'C’ is negative

Figure 1.12 Reflection R, reverses the sense of ordered triple ABC.

correspond to the opposite direction. Now we are ready for a definition which, happily,
accounts for all isometries.

Definition 1.9 An isometry is direct if it preserves the sense of any non-collinear triple
and indirect if it reverses every such sense. We note that the reflection isometry R, in
Figure 1.12 is indirect, since it reverses the sense of ABC (it must be one or the other
by Theorem 1.10 below).

Theorem 1.10 (a) Every isometry is either direct or indirect. (b) An isometry is deter-
mined by its effect on any two points and whether it is direct or indirect, or alternatively
by its effect on three non-collinear points.

Proof (a) Let g be an isometry and let A, B, P, Q be points with P and Q on the same
side of the line AB, as in Figure 1.13(a).

pr
P 0 Q'
A B B!
(a) ® /o

Figure 1.13

Then the images P’ and Q' must be on the same side of A’B’ as shown in
Figure 1.13(b) since, given A’, B’ and P’, there are exactly two possible positions Q’,
Q" for the image of Q, and by elementary geometry |P’'Q”| # |PQ)|, which rules out Q”.
Since, therefore, points on the same side of a line are transformed to points on the same
side of its image, we have that, for any two points A, B:

if the isometry g preserves (reverses) the sense of one triple
containing A, B then it preserves (reverses) the sense of every
such triple, (1.7)
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R Y R Y X R e
X
P 0 P 0 Zz P 0 Y z
Case (a) Case (b) Case (¢)

Figure 1.14 Diagram for the proof that if g preserves the sense of triple POR then it
preserves the sense of XYZ: (a) is the general case and (b), (c) are sample special cases.

where the parentheses mean that the statement holds with ‘reverses’ in place of
‘preserves’, and all triples referred to are non-collinear. Let g preserve the sense of POR.
We must deduce that g preserves the sense of an arbitrary triple XYZ, and we shall do
this with (1.7) by changing one point at a time:

g preserves the sense of POR

= g preserves the sense of PQZ (unless P, Q,Z are collinear — see Figure
1.14(b))

=> g preserves the sense of PYZ (unless P, Y, Z are collinear — see Figure 1.14(c))

=> g preserves the sense of XYZ (since X, Y, Z are not collinear).

Special cases can be handled by judicious use of (1.7). For example, in Figure 1.14(b)
we may proceed in the order POR — XQR — XQZ — XYZ. This completes the proof
of part (a), reversal cases being handled similarly.

Proof (b) We refer to Figure 1.13. Suppose the images A’, B’ of A, B under the isometry
g are given. Let Q be any point. If Q happens to lie on AB then Q’ lies on A'B’,
by (1.5), and the equalities |Q'A’| = |QA|, |Q’B’| = | Q B| determine its exact position.
Otherwise these equalities leave two possibilites, represented by Q’, Q” in Figure 1.13(b).
Since triples A’B’ Q' and A’ B’ Q" have opposite senses, the image of Q is now determined
by whether g is direct or indirect. Alternatively, if we specify the image C’ of a third
point C (C not collinear with A, B), then the distances of Q' from the other three images
determine its position. This completes the proof of (b).

Example 1.11 By considering when the sense of a triple is preserved we have the
following categorisation from Theorem 1.10.

Rotation, translation Direct.

Reflection Indirect.

We shall determine the result of performing first a half turn about the point A shown
in Figure 1.15, then a half turn about B. Since both operations preserve distance and the
senses of all triples, the result must be a direct isometry g. But which one? According to
Theorem 1.10 we will have it when we find an isometry which is direct and which has
the right effect on two points. Now, the result of g is that A moves to A’, and B to B” via
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B' A\i_/m B"

Figure 1.15 Half turns.

B’.But A— A’, B— B” is achieved by the direct isometry 754, which is therefore
(by Theorem 1.10) the one we seek.

Exercise Find the result of a half turn about the point A (Figure 1.15), followed by a
reflection in a mirror through B at right angles to A B; or give the argument in the proof
of Theorem 1.10 for special case (c¢) (cf. the argument for Case (b)).

1.3 The classification of isometries
1.3.1 Composing isometries

We wish to prove Theorem 1.15, a simple and useful result which will assist us in
classifying all possible isometries of the plane. First some notation is required. If g, &
are two isometries, then their composition, or product, gh, is the transformation obtained
by performing first g, then h. Since g and h both preserve distances, so does their
composition, which is therefore also an isometry. In denoting this composition by gh
(or g - h), we are deliberately writing the transformations in the order in which they
are performed, by contrast with the other standard system defined by (gh)(A) = g(h(A))
where gh means ‘perform £, then g’. Occasionally, the latter will be convenient. Normally
in Part 1 we will use our present definition, which is equivalent to

Ash = (A%)". (1.8)

In words this says: ‘to apply the isometry g/ to an arbitrary point A, apply g, then 2’. In
the sense of (1.8), A% behaves like A to the power of g. It follows that, for a composition
of three isometries f, g, h, we have the associative law

f(gh) = (fgh. (1.9)

Power notation g™ denotes m successive repetitions g - g - - - g of an isometry g, where
m > 1. Consequently we have the power law (1.10) below form,n = 0, 1, 2, . . . in which
we write write g° = I, the identity (do nothing) isometry.

gigt=g"""=g"g", (") =g" (1.10)
Example 1.12 The composition of a 1/7 turn, a 2/7 turn, and a 4/7 turn about a given
point A is a complete turn. Thus all points are returned to their original positions and the
resulting isometry is the identity. We may write Ro(1/7) R4a(2/7)R4(4/7) = I, without

bracketing any pair together. On the other hand, two successive reflections R, R, in the
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A

o)
Figure 1.16 Resolving vector a along and perpendiculartod: a = b + c.

same mirror, or n successive 1/n turns about a point A, also give the identity, so we may
write

R =1 =[Ra(1/n)]". (1.11)
Composition of translations The rule is
1.T, = Ta+b =TT, (112)

where the vector sum a + b is obtained by placing representatives of @ and b nose to
tail in the manner of Figure 1.7. The first equality is a definition and the second is a
consequence, conveniently placed here, which the reader is asked to prove below.

Exercise Use a parallelogram to show that T, T, = T,T,, where T, is translation by the
vector a. Express (T,)" as a single translation; or let g denote a 3/10 turn about some
point. Show that (g>)* has the effect of a 1/2 turn.

Resolving a translation into components This means re-expressing the corresponding
vector as a sum of two others. See below.

Referring to Figure 1.16, suppose we are given a fixed direction, say that of a vector
d. Then we may express any vector a as the sum of a vector b in the direction of d plus
a vector ¢ perpendicular to d:

a=>b+c.

This is called resolving a into components along and perpendicular to d. To achieve this,
we represent a@ by a directed line segment OA, and then position a point B so that OB
has the direction of d and BA is perpendicular to d. Then the required components are
b = OB and ¢ = BA. Note that we do not require OB =d.

At the same time we have resolved the translation 7, into components along and
perpendicular to d in the sense that

T, =TT, = T,T.. (1.13)

Remarks 1.13 (1) Resolving a with respect to the positive x-direction gives the (Carte-
sian) components of a. (2) T4 g is the unique translation which sends point A to point B.
In particular, we interpret T4 4 as the identity isometry / (do nothing).
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Exercise Resolve the vector a = (4, 0) along and perpendicular to the direction of OA,
where A is the point (1, 1).

1.3.2 The classification of isometries

Definition 1.14 We say an isometry g fixes a point A if A8 = A. This is especially
pertinent since a rotation fixes its centre (the point about which rotation is made), and
a reflection fixes the points of its mirror, whilst a translation moves everything. For
this culminating section of Chapter 1 we first reduce (Theorem 1.15) the classification
problem to that of isometries that fix some point (Theorem 1.16), plus the question of
what happens when one of these is combined with a translation (see (1.14), (1.15)).

Theorem 1.15 Let A be any point in the plane. Then every isometry g is the composition
of an isometry that fixes A and a translation. Either order may be assumed.

Proof Let the isometry g send A to A’. Then T = T4/, is a translation that sends A’
back to A. We have

A5 A DA
so the isometry 4 = g - T fixes A. The argument then runs:

h=gTya,
therefore hTaa = gTuaTan =g,

the last equality being because the combined effect of translation T4 4 followed by T4 4/
is to do nothing (i.e. their composition is the identity isometry). In conclusion, we have
g = hTy, where, as required, & fixes A and 7] is a translation (here T4 4/). A slight vari-
ation of the argument gives g in the form 7, A, for different 4 fixing A, and translation 75.

Exercise Adapt the proof above to obtain the isometry g as a composition g =
Th.

Theorem 1.16 An isometry that fixes a point O is either
(a) a rotation about O (direct case), or
(b) reflection in a line through O (indirect case).

Proof Let an isometry g fix O and send Ato A’, B to B'.

Case g direct Here angles AOB, A’OB’ are equal in sign as well as magnitude and so,
as in Figure 1.17(a), angles AOA’, BO B’ enjoy the same property. Hence g is rotation
about O.

Case g indirect Now angles AO B, A’O B’ are equal in magnitude but opposite in sign,
as in Figure 1.17(b), so in the case B = C, for any point C on the bisector m of angle
AOA’, we see that g fixes C. Since g preserves length and angles (in magnitude) g
reflects points B not on m to their mirror image in m.
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B! B
B
A I
o []
m
Al a
o
@ A (b)

B'

Figure 1.17 Diagrams for the proof of Theorem 1.16.

Image of arrow
a under glide g

Figure 1.18 Black arrow, and its image under glide reflection g, composed of reflection
R,, and translation T, in either order. The lightest arrow is an intermediate image, after
reflection first. The darker shows translation done first.

Notice that we have incidentally shown that a rotation is direct and a reflection is
indirect. Theorem 1.16 classifies isomorphisms that fix one or more points. What about
those that fix none? We know from Theorem 1.15 that, given any point A we care to
choose, we can represent any such isometry g as a composition 4 - T, where T is a
translation and /4 is an isometry that fixes A. Thus such isometries are obtainable from
the point-fixing ones, rotation and reflection, by composing them with translations.
The result includes a fourth type of isometry called a glide, which we shall now introduce.

Glides A glide reflection, or glide, with (mirror) line m is the composition of the reflection
R,, in m with a translation 7, parallel to m. Obviously it does not matter in what order
these two operations are done. The result is the same, as we can see in Figure 1.18. By
convention, the mirror of a glide is drawn as a line of dashes. Notice that the composition
of a glide R, T, with itself is the translation 75,, as illustrated in Figure 1.19, in which the
first ladder yields the rest by repeated application of the glide. This illustrates the easy
to see, but very useful, Remark 1.17.

Remark 1.17 The composition of two indirect isometries is direct. The composition of
a direct and an indirect isometry is an indirect isometry.
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a 2a

Figure 1.19 Images of ladder under repeated application of glide T, R,,.

Proof The composition of two indirect isometries reverses the sense of every ordered
triple twice, and therefore leaves their sense unchanged. If just one of the isometries is
indirect, then the result is one reversal only, and so we obtain an indirect isometry.

Theorem 1.18 (Classification) Every isometry is one of the four types:
direct — translation or rotation;

indirect — reflection or glide.

Proof Suppose we are given an isometry g. Then by Theorem 1.15 g is the composition
of a translation with a point-fixing isometry. By Theorem 1.16, the latter isometry is a
rotation or reflection, according as it is direct or indirect. Therefore it suffices to establish
the following composition rules, in which the composition may be carried out in either
order (though the order will affect precisely which rotation or glide results). We give the
proofs for only one order, the other being proved similary.

rotation - translation = rotation; (1.14)

reflection - translation = glide. (1.15)

To prove (1.14), suppose that the rotation is T and the translation is 7. Referring to
Figure 1.20(a), a line parallel to a, suitably placed relative to the centre of rotation O,
contains a point A and its image A’ under t such that the vector A’A equalsa. Then t - T,
fixes A and is direct, so by Theorem 1.16 it is a rotation.

To establish (1.15), let the reflection be R,,, followed by translation 7,. Since this
translation resolves into components 7, parallel to m and 7, perpendicular to m, we

B B
m n
A’ A
A’ A
0
a0 L,T”
(a) (b)

Figure 1.20
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only need to show that R, T, is reflection in a mirror n parallel to m and at a distance
(1/2)|w| from m, as indicated in Figure 1.20(b). But Theorem 1.10 tells us that an isometry
is determined by its effect on any two points and whether it is direct or indirect. Now,
R.T,, like the reflection R,, is indirect (Remark 1.17), being the composition of an
indirect and a direct isometry. Like R,, it fixes every point A on n, and so by Theorem
1.10 it is indeed the reflection R,,. Finally, we have

R, 1, = Rm(TwTv) = (RmTw)Tv = R,T,,
which is a glide, as asserted.

Proof of (1.15) using coordinates We may (and do) choose the coordinate system
so that the mirror of the glide is the y-axis x = 0. Let the translation part be T ,».
Then the reflection followed by translation has the effect (x, y) — (—x, y) —> (—x + ¢,
y + u). But by the reflection formula (1.6) this is also the result of reflection in the line
x =t/2 followed by translation T{q_,), thus it is a glide, since T{g, ) is parallel to the
y-axis. If the translation is performed first, the corresponding reflection is in the line
x = —t/2, with the same translation part as before.

Exercises 1

1 Verify that, in Figure 1.1, two smallest translations are represented in their length and
direction by the arrows shown, and determine corresponding arrows for Figure 1.2. These
should be horizontal and vertical.

2,/ (i) What symmetries of the pattern represented in Figure 1.1 leave the central point unmoved?
(i) Prove Formula (1.1) by using the Theorem of Pythagoras. (iii) Draw the diagram for
proving (1.2a), marking in the components of @ and b.

3 Use position vectors and (1.3), which applies equally in 3-space (indeed, in any dimension),
to prove the following facts about any tetrahedron A BC D. (i) The four lines joining a vertex
to the centroid of its opposite face are concurrent at a point G which divides each such line
in the ratio 3 : 1 (ii) The three lines joining midpoints of pairs of opposite edges all meet in
G.

4  Give a geometrical proof that, in Figure 1.11, we have |P’Q’| = |PQ| and hence that R, is
an isometry, considering also the case where P, Q are on opposite sides of the mirror.

5./ Find the result of a half turn about the point A in the diagram of Example 1.11, followed by
areflection in a mirror through B at right angles to AB; or give the argument in the proof of
Theorem 1.10 for the special case in Figure 1.14 (c) (see the argument for Case (b)).

6./ Use a parallelogram to show that 7,7, = T, T,, where T, is translation by the vector a.
Express (T,)" as a single translation. Or if g denotes a 3/10 turn about some point, what
fraction of a turn is (g°)° ?

7./ Resolve the vector a = (4, 0) along and perpendicular to the direction of OB, where B is the
point (1,1).

84/ (i) Use coordinates to prove that the composition of reflections in parallel mirrors at distance
d apart is translation through a distance 2d perpendicular to the mirrors. (ii) What is the
result of reflection in the x-axis followed by reflection in the y-axis?
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9,/ For distinct points A, B determine the composition of a half turn about A followed by the

translation T4 g, by considering the net effect upon A, B.

10 Mirror lines m, n intersect in a point A at angle ¢. Determine the composition R,,R, R,,,
using Theorem 1.16, and following the motion of a point on one of the mirrors.

11,/ The vertices A, B, C of an equilateral triangle are ordered in the positive sense. (i) Prove
that Rc(1/3)Rp(1/3) = Ra(2/3), by considering the images of A and C, or otherwise
(see Theorem 1.10). (ii) Determine the composition R4(—1/3)Rp(1/3) [Hint: let D be the
midpoint of BC].

12 The vertices A, B, C, D of a square are counterclockwise and E, F are the respective
midpoints of AD, DC. Show that Rg(1/2)Rpp is a glide with translation vector E F.

13,/ Find a formula for reflection in the line with equation ax + by = 1. [Hint for gradients:
recall that tan (6 4+ 7 /2) = —cot 6. In Section 7.4 we develop a more streamlined method
for the occasions when it is expedient to work with isometries in terms of coordinates.]
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How 1sometries combine

In Chapter 1 we combined two isometries g, & to produce a third by taking their compo-
sitions gh (do g, then h) and hg. There is another way to combine two isometries, of great
practical use in the context of plane patterns, and which we will introduce in Section 2.3.
We begin by highlighting two geometrical ways to find the composition (or product) of
isometries. The first was already used in the proof of Theorem 1.18.

Method 1

(A) Determine the sense of the composition from those of its parts (Remark 1.17).

(B) Determine the effect of the composition on two convenient points P, Q.

(C) Find an isometry with the right sense and effect on P, Q. This must be the one required by
Theorem 1.10.

Notice that (C) is now made easier by our knowledge of the four isometry types (Theorem
1.18). This method can be beautifully simple and effective for otherwise tricky composi-
tions, but the second approach, given by Theorem 2.1 and Corollary 2.2, is perhaps more
powerful for getting general results and insights. With Theorems 1.15 and 1.16 it says
that every isometry can be decomposed into reflections, and it tells us how to combine
reflections.

Method 2 Decompose the given isometries into reflections, using the available free-
dom of choice, so that certain reflections in the composition cancel each other out. See
Examples 2.3 to 2.7. We note for later:

Method 3 Use Cartesian coordinates (See Chapter 7).

Notation We take this opportunity to recall some standard abbreviations from the list of
symbols before Chapter 1 that will be useful from time to time. Each one is a subset of
the next.

N  The set of natural numbers 1,2,3, ...

Z Theintegers...,—2,—1,0,1,2,...
Q The rationals, or rational numbers {m/n: m, n are integers and n # 0}

23



24 How isometries combine

- i—>
n
P | P’ | P P P’
] Tl | ! m
1] 1] T T
| X
m n A
(a) ®)

Figure 2.1 The proof of Theorem 2.1.

R The reals, or real numbers, corresponding to the points of a line extending indefinitely
in both direction (the real line). Certain postulates are involved, which we do not need
to touch on until Definition 13.22.

2.1 Reflections are the key

Theorem 2.1 Composing isometries (see Figure 2.1)

(a) Iflines m, n are parallel at distance d then the composition of reflections Ry R, is a translation
of magnitude 2d perpendicular to these lines,

(b) If lines m, n intersect in the point A at angle ¢ then R, R, is a rotation through an angle 2¢
about A: Ry R, = Rs(2¢).

The proof (omitted) is by elementary geometry in Figure 2.1.
- . . . . .
¢ Notice in Figure 2.2 that crossing lines offer us two angles to
choose from. Signs apart, these angles add up to 7, so, unless the
lines are perpendicular, one angle is acute and is taken as the angle
between the lines. Also, by mentioning m first, we imply a signed
turn of ¢ from m to n (if no order is implied then the angle may be taken as unsigned).

Figure 2.2

Corollary 2.2 Decomposing isometries

(i) A rotation about a point A may be expressed as the product Ry, R, of reflections in lines
through A at half the rotation angle.
(ii) A translation may be expressed as the product Ry, R, of reflections in lines perpendicular to
the translation direction, at one half the translation distance.
(iii) In case (i) the direction and in (ii) the position of one line may be chosen arbitrarily. The
other line is then determined (see Figure 2.3).

@/2

@/2 m
A

Figure 2.3 Two alternatives: R4(¢) = R R, = Ry R,.
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Table 2.1. Notation for the four isometry types in the plane.

—_—> Translation symmetry. Distance and direction of the arrow
Continuous line, representing position of mirror

____________ Broken line, representing mirror line of glide

------ > Glide with its translation component indicated

O A |:| 1/2turn, 1/3turn, 1/4turn...

Two coincident mirrors

Remark 2.2a For a rotation of 1/n of a turn, i.e. an angle of 277 /n, the mirrors should
be at an angle v /n. Examples of using this second method are given in Section 2.2.

2.2 Some useful compositions

At the end of this section we give Table 2.2, showing the result of all types of products of
isometries. First, we gain practice with special cases which are foundational to the study
of isometries and plane patterns, and whose first use will be in the classification of braid
patterns in Chapter 3. The notation of Table 2.1 will help to visualise what is going on.

First we try a composition problem already solved in the proof of Theorem 1.18 (the
four isometry types). For clarity, a small ‘x’ denotes composition.

Example 2.3

reflection R, X translation T, perpendicular to mirror
= reflection in a mirror n parallel to the original one,
at one half translation distance, |a|/2, from it. (2.1)

Thus, by repeatedly composing the latest mirror reflection with the translation 7, we
get a whole string of mirror positions:

at intervals of half the translation distance.

Proof of (2.1) By Corollary 2.2 we can express the translation 7, as the product of
reflections in two parallel mirrors, one of which we may choose to be m itself. If the second
mirror is n then we can compute as shown in Figure 2.4, with successive diagrams below
each other to show relative horizontal positions. The argument is expressed geometrically
on the left, and algebraically on the right.

Example 2.4

reflection R,, X rotation with centre on the mirror
= reflection R, in mirror at one half rotation angle to m. (2.2)

We include this example before any further illustration, because it is exactly analogous
to Example 2.3, with translation regarded as a special case of rotation in the manner of



26 How isometries combine

—> RulL

=R (R Ry) = R Ri) Ry

Il
S—

= n =Ry, since R, R, =1.

Figure 2.4 Computing the result of reflection followed by translation. The argument is
represented geometrically on the left and algebraically on the right.

n 92 A

Ry, R4($) = Ry(Ry Ry)
= n =R, since R,,R,, = L.

Figure 2.5 Rotation plus reflection computed (geometry on the left, algebra on the right).

Theorem 2.1(b). It will be used soon to investigate the group of all symmetries of the
regular n-gon, in Section 2.4, the dihedral group. Now, if the rotation is R4(¢) then the
argument for Example 2.4 can be put simply in terms of geometry (Figure 2.5, left) or
in terms of algebra (Figure 2.5, right), after the pattern of Example 2.3.

Example 2.5 Rotation x translation = rotation (same angle). This adds to the composi-
tion statement (1.14) the fact that the result of composing translation with a rotation is a
rotation through the same angle. In Exercise 3 the reader is asked to establish this by the
methods of Examples 2.3 to 2.7. The argument will of course be a slight generalisation
of what we give below for an important special case.

1/2 turn x translation
= 1/2 turn at half translation distance away from the original. (2.3)

Proof of (2.3) As before, the left side of Figure 2.6 is both a geometric proof and an

illustration of the result, using results (2.1) and (2.2).

Note Analogously to Example 2.3, by repeatedly following the latest 1/2 turn with the
translation we get a line of 1/2 turns at intervals of one half the translation distance, thus:

000 O0..

We emphasise that the composition of translation with any rotation is a rotation about
some point, through the same angle, as the reader is invited to prove below.
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AQ

— > R(NT,

n P =R Ry) (Ry Rp)
" %
= = RuRy, since R =1
4
O B
= =Rp(1/2),

Figure 2.6 Calculating 1/2 turn x translation.

Exercise Use the methods above: (a) to establish the general case of Example 2.5, (b) to
show that the product of two 1/2 turns is a translation through twice the distance between
them.

Application Symmetries of a braid pattern We recall from Section 1.1 that a symmetry
of a figure F is an isometry which sends every subfigure of F' into a congruent subfigure
(i.e. one of the same size and shape). It is important to appreciate that

any composition of symmetries of a figure
is also a symmetry of the figure. 2.4)

The reason is simply that such a composition, being the result of performing one sym-
metry, then the other, also satisfies the above criteria for being itself a symmetry.
Figure 2.7(a) is a braid pattern. That is, a pattern F with a translation symmetry T,

B B B B B ©
b .8 8 % % 3 3.

Figure 2.7 Some braid patterns.
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such that the translation symmetries of F are all the repetitions, i.e. powers,

1, = Tha, (2.5

a

where n is a positive or negative integer. Indeed, F actually consists of the translates
Twa(M)(n =0, £1, £2, ...) of a basic motif M, for example the woman’s head in Figure
2.7(a). There we have also indicated the translation vector a (it could equally well be
taken as —a) (see (3.1)). By implication, F extends infinitely to the left and right of the
representative part we have drawn.

The above remarks hold true for Figure 2.7(b), but with basic motif 3, which has a
reflection symmetry R,,. Clearly, whichever copy of the frog we choose as basic motif, R,
is a symmetry of the whole pattern. Since any composition of symmetries is a symmetry,
Example 2.3 tells us that there are also reflection symmetries R, with n midway between
every two successive copies of the frog. Here, this conclusion is also easily reached by
inspection, but some of its 2-dimensional relatives are rather less obvious. Theorem 2.12
expresses such symmetries in terms of a small number of ‘basic’ ones.

In Figure 2.7(c) the basic motif has a 1/2 turn symmetry and so, by the note below
(2.3), there are 1/2 turn symmetries with centres spaced at a half the repetition distance
of the basic motif. Thus the symmetries include 1/2 turns halfway between successive
copies of the motif. In more complicated examples these ‘extra’ 1/2 turns are harder to
spot visually, especially if we don’t know that they must be there (see Figure 2.11 later
in the chapter). It was convenient to introduce braid patterns here because they give rise
to some nice but not too hard applications of our theory and techniques so far. Their
classification is completed in Chapter 3, the shortest chapter of the book.

Example 2.6 Composing rotations: Euler’s construction Since a rotation is a direct
isometry, the product of two rotations is also direct, so, of the four types, it must be a
translation or rotation (Theorem 1.18). Euler’s construction is to draw the lines m, n,
p as in Figure 2.8 (a) or (b) and so determine the new rotation centre and angle, or
direction and distance of the translation. Here is the result.

The plane is turned through the sum of the component
rotation angles, and we have a translation precisely
when this sum is a multiple of the complete turn 2. (2.6)

(b)
p

B2 al2

B n A B n A

Figure 2.8 Euler’s construction for the composition of two rotations.



2.2 Some useful compositions 29
Proofin Case (a)

Ra(@)Rp(B) = (RmRn)(RuRp)
= RuRp, since R2=1
= Rc(—=y)
= Rc(a + B), sincea + B =21 — y.

Exercise Use Euler’s construction in the triangle of Figure 2.8 made equilateral to show
the following, and find such implied 3-fold centres in Figure 1.1.

The existence of 1/3 turn symmetries of a figure, at two vertices of an
equilateral triangle, implies the same symmetry at the third vertex. 2.7)

Example 2.7 The product of glides and reflections

The product of two glides, or of reflection and glide,
is a rotation through twice the angle between their lines
— unless the lines are parallel, when the result is a translation. (2.8)

Proof of (2.8) A reflection is a glide with zero translation part, so we need only consider
the product of two glides. Suppose first that the mirrors are not parallel, but intersect at
angle ¢. Then since we may switch the translation and reflection parts of a glide, and
combine reflection with rotations (Theorem 2.1), the two glides may be combined as

(TaRm)(TbRn) = Ta(RmRn)Tb = TaRA(zd))Tb-

But, by Example 2.5, rotation combined with translation is a rotation through the same
angle, so the result follows. In the parallel case R4(2¢) is replaced by a translation
(Theorem 2.1), so the result is a translation. Figure 2.9 shows the specifics when the mirror
lines cross at right angles, in the notation of Table 2.1. Case (i) is part of Theorem 2.1.

Proof of (iii) We compute the product of glides h = T, R,,, g = Ty R, as indicated in
Figure 2.10. This can also be established as R4(1/2) by verifying that hg fixes the point
A and sends the intersection of mirrors p and n to the same point as does R4(1/2). This
is sufficient, by Theorem 1.10, since the product of two glides must be direct.

Example 2.8 The symmetries of the plane pattern in Figure 2.11 include horizontal

<

glides in the positions indicated by dotted lines thus “...... ", and vertical glide lines

(i) (ii) (iii) Y

Figure 2.9 The right angle crossing of symmetry and glide lines of a pattern implies
the presence of 2-fold centres as shown (cf. Table 2.1). We may think of each glide as
pulling the 2-fold centre a 1/2 translation distance from the crossing.
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m (TaRm) (TbRp)
= (RgRpRm) (RiuRuRp) (Theorem 2.1)
b n = RyRp RuRy since R2=1
A = RyRp RpRy, since p-Lln
= RyRy since RI% =]
P q = R4(1/2) (Theorem 2.1).

Figure 2.10 Proof of the assertion in Figure 2.9 (iii); p_Ln means ‘p, n perpendicular’.

Figure 2.11 A plane pattern with perpendicular glide lines. Finding the vertical ones is
part of the next exercise.

too. The three emphasised points show successive images of one such glide (which?),
illustrating that a glide performed twice gives a translation.

Exercise (a) Follow the successive images of a white subfigure under repetitions of
a glide, noting that a horizontal glide must map horizontal lines to horizontal lines
(suitable observations of this kind can greatly facilitate analysis of a pattern). (b) Find
the vertical glide symmetries of the pattern represented, and verify that each small ‘box’
bounded by horizontal and vertical glide lines has a 2-fold centre of symmetry at its
centre, as predicted in Figure 2.9(iii).

We conclude this section with Table 2.2, showing all possible compositions of isometry
types, derived from Theorem 2.1 (and Corollary 2.2), the composition and decomposition
theorems. Examples 2.5 to 2.7 contain derivations or special cases for the rows indicated.
The last row follows also from the fact that the composition of a direct and an indirect
isometry must be indirect (Remark 1.17) and therefore a glide (Theorem 1.18), with
reflection as the special case of a glide with zero translation part. The table is unaffected
by changing orders of composition.

Exercise Verify line (c) of Table 2.2.
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Table 2.2. How isometry types combine.

Every line is a consequence of Theorem 2.1. Rows (a) and (b) come from Examples 2.5 to 2.7, whilst
Examples 2.3 and 2.4 supply important special cases in row (c). The table is unaffected by changing
orders of composition. It justifies the idea of the point group in Chapter 6, a key step in the classification
of plane patterns into 17 types.

Isometries combined Type of the product
(a) Direct Direct Rotation?
Rotation ¢ Translation Rotation ¢ (Example 2.5)
Rotation « Rotation g Rotation o« + 8 (Example 2.6)
(b) Indirect Indirect Rotation?
Reflection/glide Reflection/glide Rotation 2¢ (Example 2.7)
at angle ¢
(c) Indirect Direct Glide?
Reflection/glide Translation line parallel to original
Reflection/glide Rotation o line at /2 to original

“Translation, if this angle is a whole number of turns.
b Pure reflection in Examples 2.3 and 2.4.

2.3 The image of a line of symmetry

Notation 2.9 Let F be some figure in the plane. By definition, a line m is a line of
symmetry of F if R,, is a symmetry of F, that is if R, maps F onto itself; a point A is
an n-fold centre (of symmetry) if R4(1/n) is a symmetry of . We normally take n to be
the largest possible. For example, the centre of a regular square is thought of as a 4-fold
centre and only in a secondary sense as 2-fold. Sometimes 2-, 3-, ... 6-fold centres are
called dyad, triad, tetrad, pentad, hexad respectively.

A typical consequence of the main result of this section, Theorem 2.12, is that if A is
an n-fold centre then so is the image of A under any translation symmetry 7, of F. Thus
we get at least a whole line of n-fold centres {7,,,(A): m = 1,2, 3, ...} at a translation
distance |a| apart. (A stronger result holds for lines of symmetry perpendicular to the
translations, one gets them at |a|/2 apart: see Example 2.3.) All four parts of Theorem
2.12 follow from one basic fact which implies that an isometry sends lines of symmetry
to lines of symmetry, proved as Lemma 2.10. For this, we need the idea of an inverse
isometry.

Inverse isometries The list of isometry types in Theorem 1.18 shows that every
isometry g is a bijection. That is, g transforms distinct points to distinct points and
every point is the transform of some point. Thus every isometry g has a unique inverse
transformation g~!, sending P¢ back to the point P. See Figure 2.12.

The inverse mapping g~ obviously preserves distances because g does, and so is
also an isometry. Also, if g reverses the sense of a triple then g~! undoes the effect, so
directness and indirectness are preserved by taking inverses. Further, if g is a symmetry of
afigure F thensois g~!.If g fixes a point P then g ! fixes P too because g is bijective. More
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Figure 2.12 A rotation g and its inverse isometry. Here g = R4(1/6) maps a line m to
line n, and g=! = R4(—1/6) = RA(5/6) maps n back to m.

formally, P = P8 = (P$)$" = P$ . We observe too that either property, gf = I
or fg = I, implies that f = g~'. It follows from the associative property (1.8) that
(gh)y ' =h"'g7! (g, hisometries), (2.9)

the argument being: (h~'g=")(gh) = h~'(g7'g)h = h~'Ih = h~'h = I. We therefore
have the following table of inverse isometries, which may also be deduced directly.

8 Rm Ta RA(¢) RA(I/n) Rm Ta
g€ Rn  Ta  Ra(=¢)  Ra(l/ny""  RuT. (2.10)

Proof of (2.10) We will verify the last two columns of the table. Firstly,
Rs(1/n)- Ry(1/n)*~" = Ry(1/n)" =1 (see (1.11)), hence the inverse of R,(1/n)
is Ro(1/n)"~'. For the glide we have (R, Ty (T—qRm) = Rn(TyT-o)Ry = Rul Ry =
RnRpy = 1.

Conjugates Here is a widely used piece of notation which we shall immediately require
for Lemma 2.11. It will appear at intervals throughout the whole book. We recall that m#
denotes the image of a line m under an isometry g. A suggestively similar notation R? is
used for the conjugate of an isometry R by an isometry g, defined as the composition

R® = g 'Rg. (2.11)

As we recall from (2.4), the composition of two (hence any number of) symmetries of
a figure is also a symmetry, so if R, g are symmetries then so is R8. We now show that,
if § is a third isometry, then

(RS)® = R® - S&. (2.12)
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Ag

Figure 2.13 The image of a mirror is a mirror.

Proof of (2.12) Starting from the right of (2.12), we have

RS .S8 =g 'Rg-g7'Sg by (2.11)
=g 'R(g-g7HSg by associativity (1.9),
=g 'RISg
=g '(RS)g
= (RS)S, by (2.11).

Lemma 2.10 Let g be an isometry, m a line. If R is reflection in m then R® is reflection
inmé (Figure 2.13).

Proof Clearly R® = g~ 'Rg is an indirect isometry, R being indirect, so it suffices to
show that R® has the same effect as reflection in m$, on any two points (Theorem 1.10).
In fact R# fixes the point A$ for every point A in m, for

1 1

(A%)¢'Re = AssT'Re by (1.8)

= ARs sincegg™! =1
— (AR) by (1.8)
= A8 since R fixes A (A being in m).

This proves Lemma 2.10.
Definition 2.11 Leta = AB and g be an isometry. Then a® = (AB)S.

This means that the new vector a¥ is represented in magnitude and direction by the
image under g of any directed line segment which represents a. The significance of this
appears in the proof of Theorem 2.12(c) below, where it is shown that, in terms of the
expression (2.11) for a conjugate,

(T,)$ =Ty, where b =aé. (2.13)

Theorem 2.12 Any symmetry g of a figure F maps as follows:

(a) lines of symmetry to lines of symmetry,

(b) n-fold centres to n-fold centres,

(c) the direction of one translation symmetry to the direction of another of the same magnitude
(Figure 2.15),

(d) glidelines to glidelines with same translation magnitude.
In each case, if R is the old symmetry then the conjugate R8(= g~'Rg) is the new.
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7t/n
A g

Figure 2.14 An isometry g maps one n-fold centre to another.

Proof Let g be a symmetry of the figure F. To prove (a), suppose that m in Figure 2.14
is a line of symmetry of F. Then R = R,, is a symmetry, hence so is R® = g~ !Rg. But
by Lemma 2.10 this symmetry is the operation of reflection in the image m# of m under
g, 1.e. m8 is a line of symmetry of F.

(b) Let A be an n-fold centre of symmetry of F. We wish to prove that A¢ is an n-fold
centre. That is, Ras (1/n) is a symmetry of F. The key observation is that, by Corollary
2.2, we can decompose the symmetry R4(1/n) as R, R,,, where m, n are lines intersecting
in A at angle 7r/n. This is illustrated in Figure 2.14. Since g and R4(1/n) are symmetries
of F, so is the composition

g 'Ra(1/n)g = g "(RmRu)g

= (RmRn)* by (2.11)
= (Rm)*(Rn)* by (2.12)
= Ryue Rye by Lemma 2.10,

where the last expression equals R4s(1/n) or Ra:(—1/n), according as g is direct or not,
since the angle between m# and nf is the same in magnitude as that between m and n
(see (1.5)). In the indirect case of g it still follows that R4¢(1/n) is a symmetry, being
the inverse of Ras(—1/n).

(c) This time we use Corollary 2.2 to write any translation 7 as a product of reflections
Ry R, in parallel mirrors, as in Figure 2.15.

Then, arguing as in (b), we obtain gilTa g = Rus Rye. Since m and n are parallel
and at a distance |a|/2, the same holds for m# and né. Therefore the new isometry is a
translation through distance |a| at right angles to m8 and n#, as indicated in Figure 2.15.
The change in direction is found by applying g to a representative directed line segment
AB for a. With Figure 2.15, this justifies (2.13): (7,)8 = Tp, where b = a¥.

Figure 2.15 An isometry g maps translation vector a to a¥.
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'2{.‘-;"'{4‘-}"{.‘-’\" HHH
ghesel
/\/\/\ et

Figure 2.16 A plane pattern and, side by side with it, a representation of where its 1/2
and 1/4 turn symmetries are located. The points A correspond. The notation is found in
Table 2.1.

(d) Let m be a glide line and R,,T, the corresponding glide symmetry. Since g is an
isometry, so is

(RmTa)® = (Rm)*(To)* by (2.12),
= (R,)8Ty, whereb = a¥, by Part (c).

Here the new translation vector a¥ is parallel to m#, and of the same magnitude as a,
so m? is indeed a glide line, as claimed. The proof is complete.

Example 2.13 The first part of Figure 2.16 represents a finite portion of a plane pattern,
whose translation symmetries include two of equal length but at right angles. We see also
points of 4-fold rotational symmetry, such as the one marked ‘A’. By its side we represent
the same area but this time we indicate (in the notation of Table 2.1) all the centres of
rotational symmetry. They are either 2-fold or 4-fold.

It is useful to know, and a nice application of results so far, to show that

the presence of all the rotational symmetries in Figure 2.16 is implied by the
translations, together with a single 1/4 turn at the point A. (2.14)

We consider three stages.

(1) The images of A under translation must be 4-fold centres, by the key Theorem 2.12, account-
ing for about a half of those shown, and forming the vertices of a division of the plane into
squares.

(i) By Euler’s construction (Example 2.6) 1/4 turns at the vertices of a square imply 1/4 turns at
the centre (see Exercise 2.2 at the chapter’s end), and hence the presence of a second lattice
of 4-fold centres.

(iii) There are points which are not 4-fold centres but are 2-fold centres, and this may be seen as
follows. The 1/2 turn about A is a symmetry, since it equals the square of a 1/4 turn, and by
(2.3) it combines with a translation to form a 1/2 turn about a further point which is not a
4-fold centre. This accounts for the 2-fold centres.
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Figure 2.17 All the symmetries of the
pattern of Figure 2.16. Here the glide-
lines are shown thickened for emphasis
(cf. Table 2.1).

Figure 2.18 (by Mary Small)

The remaining symmetries There are
many more symmetries of Figure 2.16,
both reflections and glides, and the pres-
ence of all of them may be predicted once
we observe that AB is a line of symme-
try. They are shown in Figure 2.17. Many
lines of symmetry are obvious, but find-
ing them all by inspection of the pattern
is harder in this case. The theory does aid
our intuition.

The (thickened) glidelines divide the
plane into squares, and the side of a square
gives the magnitude of every glide’s trans-
lation part.

Exercise Satisfy yourself that each sym-
metry portrayed in Figure 2.17 maps sym-
metry elements like to like. That is, n-fold
centres to n-fold centres, and so on.

Exercise Find examples of mirrors,
glidelines, and 1/n turn symmetries in
the (plane-filling) pattern of Figure 2.18
(made, incidentally, from repetitions of
the letter ‘M”).

Exercise Draw a diagram showing all the
symmetries of the pattern in Figure 2.19,
with translation symmetries 7, T, in two
independent directions. Verify that these

translations map lines of symmetry to other lines of symmetry, dyad centres to dyad

centres, and glidelines to glidelines.

2.4 The dihedral group

This section leads to a more general look at groups in the next one. For now, we simply
observe that the collection G of all symmetries of a figure F, with the usual law of
composition (gh means ‘do g then /), satisfies

(i) the composition of any two symmetries of F is a third,;
(i1) if £, g, h are symmetries of F then f(gh) = (fg)h;
(iii) there is a symmetry I (do nothing) of F such that g/ = g = I g for every symmetry g of F;

1

(iv) for every symmetry g of F there is a unique symmetry g~ (the inverse of g) with gg=! =

I =g'g
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Figure 2.19 Imitation Escher. The symmetries include reflection, glides and 1/2 turns.

This means that G satisfies the requirements to be a group (see Section 2.5) and so
is called the symmetry group, or group of symmetries, of F. Much that is useful flows
from this, not least that we can now classify patterns by their symmetry groups. We
begin not with plane or even 1-dimensional patterns, but with the regular n-gon, since its
symmetry group provides building blocks for classifying more general patterns (as we
shall see especially in Section 6.2).

Definition 2.14 The dihedral group D, (n > 2) is the symmetry group of a regular
n-gon. The regular 2-gon is thought of as a special case, with ‘curved’ sides:

>

Example 2.15 It is easy to see from Figure 2.20 that Djy, the symmetry group of a
regular pentagon, consists of’

five reflection — one in each line of symmetry,
five rotations — the identity 7, 1/5 turn, ..., 4/5 turn about the centre,
total = 10.

There is a slight difference for polygons with an even number of edges, exemplified
above by the square, whose lines of symmetry join either opposite vertices or mid-points

n=3 n=4 n=>5

Figure 2.20 Lines of symmetry of some regular n-gons.
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of opposite edges. However, we can see that in all cases

D»,, consists of reflections in n equally spaced lines
of symmetry through the centre C, and n rotations
Lt,72, ..., " wheret = Rc(1/n), and " = 1.

In particular, Dy, has exactly 2n elements. (2.15)

The rotation subgroup Since the product of two rotations about C is a third, the collec-
tion C, = I, 7, 72, ..., 7" ! of all rotations forms itself a group, the rotation subgroup
of D»,. Itis cyclic of order n, meaning that the elements of C, consist of the powers of a
single element, and the size of the group is n. The name C,, is given to groups with this

structure in widely varying contexts. See e.g. Birkhoff and MacLane (1963).

Example 2.16 Relationships in D, Let t be the 1/6 turn about the centre of a regular
hexagon, as in Figure 2.21, with symmetry lines s, m, n, ...,r. We give two points of
view, each useful for its insights.

/6

Figure 2.21 Symmetries of a regular hexagon (6-gon).

View 1 7 maps s ton, so R, = R{ (= t~'R,1), by Theorem 2.12. But R,, also maps §
ton, so

Rn = RsRms
= R, Ry R,,, since R, = R,,.

The two expressions for R, must be equal, and they are, since T = Rs R, (Theorem 2.1)
and T~! = R, R; (see (2.9)).

View 2 By Example 2.4 in Section 2.2 the composition of a turn about the hexagon
centre with reflection in a line of symmetry equals reflection in a line at half the rotation
angle to the original line. So taking the various powers of T we obtain, with reference
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to Figure 2.21:
Rt = R,
Ryt? = R,,
Ryt° = R,

Definition 2.17 We say a symmetry group G is generated by a subset g1, g2, ..., g5 if
every element g of G is expressible as a product of certain g; (with or without repetition
or powers greater than one). That is, g is a word in the g;. We express this by writing
G = Gp{g1, g2, - - -, &}- An odd (even) word will mean one whose length is odd (even).
Correspondingly, we say a word has even or odd parity. (The definitions of odd and even
are the same for any group.)

Theorem 2.18 Let R, S be reflections in any two adjacent lines of symmetry of an n-gon,

and t the 1/n turn about the centre. Then

(a) D», consists of n rotations: I, t, 2, ... "
R, Rt,Rt%, ..., Rt""},

(b) We have D, = (R,S: R*> = S> = (RS)" = I), the notation (...) meaning that D,, is
generated by R, S subject only to the given relations and their consequences. Moreover,
however they are expressed, a reflection symmetry is an odd word and a rotation is an even
word in R, S.

U and n reflections, which may be written

Proof Part (a)is (2.15) with View 2 applied to general D,,,. For (b) we first substitute t =
RS. Then clearly R?> = §? = I and (RS)" = t" = I (see (1.11)), so the given relations
do hold. But any relation independent of these would imply equalites amongst the 2n
distinct elements we have enumerated, a contradiction. Concerning parity, any expression
for a rotation (reflection) as a word in R, S must be even (odd) by Remark 1.17, because
a rotation isometry is direct and a reflection indirect.

Exercises for Section 2.4 The symmetry groups of Figure 2.22 are all cyclic or dihedral.
Name them. Answers are given near the end of the following section.

L SR
& S
® 9

& B

() (b) (© (d)
Figure 2.22 Figures with cyclic or dihedral symmetry groups.
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2.5 Appendix on groups

Definition 2.19 A set G is a group with respect to a composition rule g, h — gh if the
following axioms hold.

(A) [Associativity] f(gh) = (fg)h forallf, g, hin G.

(B) [Identity] G contains an identity element, that is, an element /, such that for every g in G we
have Ig = g = gl.

(C) [Inverses] every element g in G has an inverse. That is, a corresponding element g~ exists
inGsuchthat gg=! =1 =g lg.

Theorem 2.20 The set of all symmetries of a figure F forms a group under composition.

For a proof, see the beginning of Section 2.4. The following theorem is often useful for
finding an identity or inverse.

Theorem 2.21 Let J be an element of a group G.

(i) The identity of G is unique, and if gJ = g or Jg = g for some g in G, then J is that identity.
(ii) The inverse of an element is unique, and if gh = I for some pair g, h in G, then g and h are
inverses of each other.

Proof (i) Let J, K be identities in G. Then J equals JK as K is an identity, which equals
K because J is an identity. Thus the identity is unique, and now we have the following
lofgigl=J=glg/=g"lg=7=1
The other proofs are in the same spirit but require more work. They may be found in
Birkhoff and MacLane (1963).

chain of implications for any inverse g~

Definition 2.22 The order of an element g of a group is the least positive integer r such
that g” = I; if no such r exists we say g has infinite order.

Examples 2.23 A reflection has order 2, a 1/n turn has order n, but a translation has
infinite order. In Dj,, with # = 1/6 turn, the element ¢ has order 6, and 73 has order 2,
whilst

order of 7* = least r such that 7 is a whole number of turns
= leastr such that 6|4r (‘6 is a factor of 4r”)
=3.

When are groups ‘the same’? The symmetry group of a regular n-gon has the same
structure wherever the particular n-gon is situated in the plane. This means that we
can write any two such groups as G = Gp{gi, ..., gn}, H = Gplhi, ..., hy}, so that
replacing g by & transforms the multiplication table of G into that of H. We then say
that the map ¢ from G to H defined by ¢(g;) = h; is an isomorphism between G and H,
and that G and H are isomorphic. (A multiplication table for G shows the product g, g
at the intersection of a row labelled g, with a column g;. It is common to use the word
‘multiplication’ where, as here, we write a composition in the notation associated with
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1 R 1 T
1 1 R 1 1 T
R R 1

Figure 2.23 Multiplication tables of isomorphic but not equivalent symmetry groups
G ={I,R})and H = {I, t}, where R*> = I = 7°.

multiplication and call it also a product.) But an isomorphism alone does not satisfy us
in the present context of symmetries. For example, if R is a reflection and t is a 1/2 turn,
then the groups G = {I, R} and H = {I, t} are isomorphic, with ¢(I) = I, p(R) = 7.
Their multiplication tables are shown in Figure 2.23.

But we don’t want to regard these two as essentially the same. A satisfactory tactic
is to impose the additional restriction that ¢ must pair like with like: reflections with
reflections, m /n turns with m/n turns, glides with glides, and translations with transla-
tions (not necessarily with the same direction or distance). If ¢ satisfies this, we call ¢
an equivalence, and say G and H are equivalent or ‘the same’. In particular, the isometry
groups of all regular n-gons, for a fixed n, are not only isomorphic but equivalent, and
we call any one (an instance of) the dihedral group D,,. Equivalence will be the basis of
our classification of plane patterns into 17 types. (See Chapter 5 and Sections 6.1 to 6.2
for more details.)

Answers for Section 2.4: Dg, Cy4, C3, Ds.
Exercise In D;4, what are the orders of each of 7, 72, ..., 7'?

Exercise Write out the multiplication tables of C4 and D,.

Exercises 2

1 Use Euler’s construction to show that some combination of 1/4 turns at the vertices of a
square is a 1/4 turn about the centre, or show that this result can be obtained from a 1/4
turn at a vertex and a vertex to vertex translation.

2,/ Show that the existence of 1/3 turn symmetries at two vertices of an equilateral triangle im-
plies the existence of 1/3 turn symmetries about the third vertex and that a further symmetry
translating one vertex to another implies a 1/3 turn symmetry about the triangle centre.

3 Show that the composition of a rotation through angle ¢, with a translation, is rotation about
some point, through the same angle ¢ (use decomposition into reflections).

4 Verify that the product of a reflection in line m, followed by a glide at right angles to m, is
that given in Figure 2.9(ii). (Express the glide as a product of reflections.)

5./ What kind of isometry can be the result of three reflections? Of four?

6  (a) For the pattern of Figure 2.18, draw a diagram showing all 2- and 4-fold centres of
symmetry.

(b) Find a glideline, and verify that the corresponding glide g sends n-fold centres to n-fold
centres forn = 2, 4.
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(c) Choose a 1/4 turn symmetry and verify that successive applications of it map the above
glideline into successive glidelines.

7 Indicate in a diagram the reflection, glide and 1/n turn symmetries of Figure 2.19. Choose
a symmetry and satisfy yourself that it sends mirrors to mirrors, glidelines to glidelines, and
n-fold centres to n-fold centres.

8./ Let A be a point and g be the isometry R, (2/7). Express in the form g” (for smallest positive
integer n) the isometries g2, g~ ' g°.

9./ Show that, if (R, R,)? =1, for lines m, n, then (R, R,,)> = I. Do this first by algebra, using
the fact that a reflection has order 2, then by geometry, considering turns. How do you know
that m and n are not parallel?

10,/ What is the inverse of an isometry of the form R, R, R, where m, n, p are mirror lines?

11  Indicate in suitable diagrams the lines of symmetry of (a) a regular pentagon, (b) a regular
octagon. What is the rotation subgroup C, of the symmetry group in each case?

12 Let R, S be the reflections in successive lines of symmetry round a regular hexagon. Write
each element of the dihedral group as a word in R, S. Determine the order of each element.

13 Construct multiplication tables for the dihedral groups D4 and Dg.

14,/ What are the symmetry groups of (a) to (c) in Figure 2.24?

N4
I\ 4

(a) (b) (O]
Figure 2.24

15,/ Prove that, in any group, the order of an element g equals the order of its inverse, g~!. Verify
this for the group D4. Show that the groups C4 and D4 cannot be isomorphic.
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The seven braid patterns

In Chapters 1 and 2 we have classified plane isometries, discovered some important
principles of how they combine, and made a first application to patterns whose symmetry
group is either the dihedral group D, or its rotation subgroup C,. Before investigating
plane patterns it is a logical and useful step to classify the 1-dimensional, or braid,
patterns, be aware of their symmetries, and get a little practice in both recognizing and
creating them.

Definition 3.1 We say vis a translation vector of pattern F if T, is a translation symmetry.
Then a braid (band, frieze) pattern is a pattern in the plane, all of whose translation
vectors are parallel. In particular, @ and —a are parallel. We will usually call this parallel
direction horizontal, and the perpendicular direction vertical. Other names used are
longitudinal and transverse, respectively. A symmetry group of a braid is sometimes
called a line group.

As noted in Section 1.1, we are investigating patterns which are discrete: they do
not have translation or other symmetries which move the pattern by arbitrarily small
amounts. Thus, amongst the collection of all translation symmetries of the pattern there
is a translation 7, of least but not zero magnitude. Of course it is not unique, for example
T_, has the same magnitude |a| as T,. We rephrase an observation from the prelimi-
nary discussion of braids preceding Figure 2.7. It may be derived more formally from
Theorem 3.3.

A braid pattern F consists of a finite motif M repeated
along a line at regular intervals |u|, where u is a
translation vector of F of least magnitude. 3.1

Note on glides If a figure F has translation vectors a parallel to lines of symmetry m,
then every composition g = R, T, is both a glide and a symmetry of F. However, we
do not wish to emphasise this. In fact it is customary to restrict mention of ‘glide-lines’
and ‘glide symmetries’ to the case in which neither R,, nor 7, alone is a symmetry of F
even though their composition is a symmetry of this figure. We note that g* = T,, and
therefore twice the translation part of a glide symmetry must be a translation vector of
the figure. Hence the following convention.

43
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> < >
> < >

Ty Ty T2u

Figure 3.1 Braid pattern with least translations 7, T_,.

Convention 3.2 A glide symmetry or glideline of a figure F' will normally refer to a
composition R,,T,,>, where a is a translation vector of F parallel to m, of minimum
possible length.

Theorem 3.3 The symmetries of a braid pattern F

(a) The translation symmetries of F are the iterates T,, of a translation symmetry T, of least
possible magnitude |u|, wheren =0, &1, £2, ...

(b) The only possible 1/n rotation symmetries of F are the identity (n = 1), and 1/2 turns (n = 2).

(c) Any line of symmetry of F is either horizontal or vertical.

(d) A glideline of F must be horizontal.

Proof (a) Let T, have least possible magnitude among the translation symmetries of
F. Suppose v is a translation vector. Then by repeated subtraction or addition of u we
obtain v = nu + w for some positive or negative integer n, where the vector w satisfies
0 < |w| < |u|. Hence another translation vector is v — nu = w. Since |u| is least possible
and 0 < |w| < |u|, we must have w = 0, so v has the form nu as asserted.

(b) Let v be a translation vector. If some 1/n turn is a symmetry then (by Theorem
2.12(c)) so is the translation of magnitude |v| in the direction of a 1/x turn of v. But the
only translations of magnitude |v| are v, so n equals 1 or 2.

(c) A reflection symmetry in a line which is not parallel or perpendicular to a transla-
tion vector v conjugates 7T, to give a translation not parallel to v (by Theorem 2.12(c)).
But this is impossible, since F is a braid pattern.

(d) If g is a non-horizontal glide symmetry then g2 is a translation not parallel to the
translation vectors of F. As in (c) above, this is not possible.

The classification of braids In fact, everything which is not explicitly forbidden by
Theorem 3.1 is possible except that the presence of certain combinations of symme-
tries implies other symmetries. The following observations enable us to complete the
classification.

A horizontal and a vertical line of symmetry intersect in a
2-fold centre of symmetry. 3.2)

Vertical mirrors are separated by 1/2 the minimum
translation distance. 3.3)

The presence of reflection and glide as in Figure 3.2 (a) implies 2-fold
centres of symmetry A at points 1/4 the minimum translation distance
from the mirror, as in Figure 3.2(b). (3.4
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@ L > implies & L 'O """ >

Figure 3.2 How half turn symmetries of a braid pattern arise from reflections and glides.

Exercise Verify assertions (3.2) to (3.4).

Notation 3.4 Each braid pattern type is specified by four symbol [r] n] x] y] with the
following meaning.

Initial symbol denoting a braid as distinct from plane pattern.

The highest degree of rotational symmetry in the pattern. That is, # is the
largest integer for which the pattern has a 1/n turn symmetry.

m if F has a vertical line of symmetry,
g if F has a vertical glide line,
1 if F has neither.

The same as above, but for horizontal lines. In both cases, the ‘1’ is omitted
if it would be the last symbol.

Remark 3.5 The case x = g is ruled out for braids by Theorem 3.3, but the x, y symbols
will be used later with similar meanings for plane patterns. Our preparatory work in
Theorem 3.3 and (3.1) to (3.4) shows not only that there are seven braid types, but that
each has a fixed configuration of symmetries. In Table 3.1 we give a simple example of
each type with the symmetries indicated. The notation is that of Table 2.1 (a continuous
line is a mirror and a broken one a glide, and so on). To prevent a glut of symbols, the basic
translation symmetry is the same for each example, and is given only in the first one.

Note The symmetry configuration is useful for pattern identification.

Constructing braid patterns

The idea is to construct a motif M for translation in accordance with (3.1). To achieve the
necessary symmetries in M we can start with a submotif, say A, and append its images
under suitable isometries. For example, in the pattern for 72mm in Table 3.1 we reflect
in a vertical mirror corresponding to the first ‘m’, to get N, then reflect in a horizontal
mirror, obtaining X as translation motif M. Inspection will show how each example in
Table 3.1 was created in this way from the same submotif. For more refined braids, a
subtler choice of submotif is required.

Identifying braid patterns We ask

(1) Are there vertical mirrors?
(2) Is there a horizontal mirror or glide line?
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Table 3.1. The seven braid pattern types and their symmetries

AN N A A
o0 o

1/2 turns

VY IvY |

vertical mirrors

R e

horizontal mirror

___A_\__A\__A.\ / rllg

horizontal glide

r2mm

horizontal and
vertical mirrors

2m,
—Y%}% *OYO %}Y_ ) vertical mi',rrors &

horizontal glide

Note that there are 1/2 turn symmetries if and only if the answers to both (1) and (2) are
affirmative.

Exercises 3

1,/ Determine the braid types in Figure 2.7, the first row of Figure 2.19, and Figure 3.1.

2,/ Determine the braid types in Figure 3.3. Suggest a motif and submotif in each case.

3 Verify your answers to Exercise 3.2 by predicting the total pattern of symmetries and checking
with Table 3.1.

4 Prove statements (3.2) to (3.4).

5 Construct a flow chart for identifying braid types, building on the two suggested questions.
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(c)

T

Figure 3.3 Braid patterns (a) to (g) for Exercise 3.2.

6  Write a computer program to produce a braid pattern for which the user specifies the type
and a submotif. You may wish to extend this to optional printing of the symmetry pattern in
the background.
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Plane patterns and symmetries

4.1 Translations and nets

Review 4.1 We recapitulate on some basic ideas. An isometry of the plane is a transfor-
mation of the plane which preserves distances, and is consequently a translation, rotation,
reflection or glide (by Theorem 1.18). We may refer to any subset F of the plane as a
pattern, but in doing so we normally imply that F has symmetry. That is, there is an
isometry g which maps F onto itself. In this case g is called a symmetry or symmetry
operation of F. Again, a motif M in (of) F is in principle any subset of F, but we generally
have in mind a subset that is striking, attractive, and/or significant for our understanding
of the structure of F.

Since the symmetry g has the two properties of preserving distance and sending every
point of F to another point of F, it sends M to another motif M’ of F, which we may
describe as being of the same size and shape as M, or congruent to M. By now we have
many examples of this situation. An early case is that of the bird motifs of Figure 1.2,
mapped onto other birds by translations and reflections. We observed that the composition
of two symmetries of F, the result of applying one symmetry, then the other, qualifies
also as a symmetry, and so the collection of all symmetries of F' forms a group G (see
Section 2.5). We call G the symmetry group of F. Chapter 3 dealt with braid patterns
F, in which F has translation vectors but they are all parallel. The term plane pattern is
reserved for F if there are translation vectors of F (vectors v for which 7, is a symmetry)
in two non-parallel directions, and F' may be assumed to denote such a pattern from
now on.

The discreteness hypothesis As noted from time to time, we are restricting attention
to patterns F whose symmetries do not move F continuously, that is by arbitrarily small
amounts. Thus there is some least nonzero distance achieved by the translations, and if F
has rotation symmetries then they too have a least nonzero magnitude. The same applies
to the translation part of any glides, since a glide followed by itself is a translation. By the
end of Chapter 6 we will have met at least two patterns corresponding to each possible
discrete symmetry group, therefore we note a pattern-independent characterisation of

48
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(a) (b)

Figure 4.1 (a) Part of a plane pattern, whose translations include 7,, for all r, however
small. The G-images of a point O centring a circle of any radius include, for example, a
diameter of the circle as shown in (b), hence infinitely many points. This infringes (4.1),
so the pattern is not discrete.

Figure 4.2 Escher-type birds (the pattern extends indefinitely over the plane).

such groups G:

for any point O in the plane, a circle of finite size around O
contains only a finite number of G-images of O. 4.1)

By G-images of the point O we mean the images O¢ for all isometries g belonging to G.
By Ceriterion (4.1), a non-discrete example is Figure 4.1(a).
By contrast, we easily see that the plane pattern of Figure 4.2 has the property:

The translation vectors of the plane pattern F have a BASIS, that is,
a pair u, v such that any translation vector of F can be uniquely
expressed as mu +nv(m,n =0, %1, £2,...). 4.2)

In Theorem 4.6 we give a formal proof that (4.2) holds for all (discrete) plane patterns.
Consequently here, as for braid patterns, the whole of F consists of the translations of
one part, which we have called the basic motif M. A simple choice of M in Figure 4.2 is
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a square containing exactly four birds (can you suggest a suitable selection?). Later we
discuss the options for M.

Definition 4.2 The translation subgroup Let T denote the set of all translation symmetries
of a plane pattern F, including the identity I = Ty. It is easy to verify that T is a group
(see Section 2.5), from a relation recalled from (1.12):

I, T, = vtw - (43)

We call T the translation subgroup of G and say T is 2-dimensional or plane, since it
contains vectors in two non-parallel directions. By ‘the vector v is in T" we will mean
‘the translation T, is in T”, or equivalently ‘v is a translation vector of F’. From the
definition of scalar times vector in Section 1.2.1 we have for vectors v, w:

v, w are parallel < v = aw for some nonzero «. 4.4)

Definition 4.3 A net N representing the plane translation group 7T is the orbit, or set of
T-images, of some point O in the plane. In symbols:

N ={0%ygisinT} =0". (4.5)

We may call O the basepoint or initial point of the net (this point need not be the origin
of x, y coordinates). For Figure 4.2 we obtain a ‘square’ net of which a part is portrayed
below (rotated slightly and scaled down for convenience).

We note that changing the basepoint to any other point of the net
gives back the same set of points. Yet the net of translations of a pat-
tern is not unique: choosing a new basepoint A that is not in the net * * ¢ ¢
we already have gives an alternative net A” representing the same set o o o o
of translations. This freedom facilitates our classifying plane patterns
by allowing Convention 4.4 below. We divide them into five classes by net type, then
investigate what symmetries are allowed by each type.

Convention 4.4 We choose the basepoint of the net to lie on both

(i) a point of highest rotational symmetry of the pattern, and
(ii) a line of symmetry of the pattern,

where condition (i) takes precedence over (ii) if they are incompatible, and refers to an
n-fold centre with n as large as possible.

Exercise Find suitable net basepoints for Figures 4.2 and 1.1.

4.2 Cells

Construction 4.5 The vertices of a net may be joined up to form congruent parallelo-
grams called cells. A cell for a plane translation group T or its net N is by definition a
parallelogram whose adjacent sides, when directed, represent some basis u, v for 7. If
we locate this cell so that one of its vertices is the basepoint of the net we call it a base
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vV-U
. cell basis
1 u, v
2 v, v-uU
. . 3 u,v-u

Figure 4.3 Three rows of a ‘hexagonal’ net portrayed. The cells of the three bases
together form a regular hexagon.

Figure 4.4 Plane pattern with hexagonal net. Convention 4.4 allows the basepoint at
the centre of any white star, a six-fold centre of symmetry which also lies on a line of
symmetry. We indicate four net points giving cell 2 of Figure 4.3. The points where three
dark ‘lozenges’ meet are points of only 3-fold rotational symmetry, not the highest in
the figure.

cell or unit cell, and its translates occupy the net points as vertices and tile or tessellate
the plane. That is, they fill the plane, with no area overlap. We say N admits this unit cell.
In Figure 4.3 we show three choices of unit cell admitted by what is called a hexagonal
net (see Section 4.3.3). These diamond-shaped cells are congruent but produce different
tessellations (remember all cells in the tiling were to be translates of one cell). Figure 4.4
exhibits a pattern with the hexagonal net, whilst Figure 4.8 shows some non-congruent
cells and their tilings for a different net.

Exercise Find net points in Figure 4.4 giving cell 1 and cell 3 of Figure 4.3. Locate a
cell which violates Convention 4.4 for basepoints.

Surprisingly, not only does each choice of cell type have the same area, namely
the least possible area of a parallelogram made by joining up points of the net, but
also ... there are infinitely many possible cells of different shape. Our starting point,
Theorem 4.6, tells us how to make the most useful choice (for the one exception see
Section 4.3.3, Type (iii)).
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Theorem 4.6 Every plane translation group T contains a basis u, v. We may take u, v
to satisfy a minimum length condition:

u is a nonzero vector in T of least possible length, and
v is a nonzero vector in T, not parallel to u, and as short as
possible (note: |u| < |v|). (4.6)

Proof Since T is discrete, T does contain vectors u, v satisfying (4.6). Certainly the set
U={mu+nvm,n=0,=x1,=x2,...}isasubgroup of 7, since the composition of two
translation symmetries is another. We require to prove that every vector w of T is in
U. To this end we apply the subgroup U to some basepoint O, to obtain a net N. Then
U ={OR: R € N}. Letw = OP. We must prove that (i) the point P is in &, and will do
so by obtaining a contradiction in the contrary cases (ii) and (iii) of Figure 4.5 for the
position of P relative to a cell ABCD of the net N.

A B

() (ii) (iii)
Figure 4.5 Diagrams for the proof of Theorem 4.6.

(i) P is a point of the net N.
(i1) P is in the interior of an edge AB of a cell. Thus |AP| < |AB)|.
The vector AP = OP — OA is in T (since OP € T and OA € U, a subgroup of T) and
furthermore AB, being a cell edge, has length |u| or |v|. Therefore |A P| < |AB| contradicts
the fact that # and v satisfy the minimum length condition (4.6) for 7.
(iii) P is in the interior of a cell ABCD.

Since the four (unsigned) angles which P subtends at the cell edges sum to 360°, at
least one, say angle APB, is at least 90°. Therefore in triangle APB we have APB as the
greatest angle and hence AB as greatest side. Thus |AP| < |AB|. Similarly to Case (ii),
this contradicts the fact that u, v satisfy the minimum length condition (4.6) (note that
AP cannot be parallel to u since P is in the interior of the cell).

It remains to prove the uniqueness of an expression for a vector w in 7. Suppose
that w = mu + nv = ru + sv for integers m, n, r;, s. Subtracting, we obtain (m — r)u =
(s — n)v. Since u, v are independent it follows thatm — r = 0 = n — s (see (4.4)), hence
m = r,n = s, and the expression is unique.

Notation 4.7 For vectors a, b we define area (a, b)

A . .
to be the area of a parallelogram with adjacent
area(a,b) sides representing a, b if these vectors are non-
o s parallel, and otherwise zero. (See Figure 4.6). Letu,
b

v be a basis of the plane translation group T. Then
Figure 4.6 Diagram for Notation 4.7.  area(y, v) is the area of a cell defined by u, v.
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Suppose a, b are related to u, v by (i) below.

a = au + bv, (ii)Az[ Z} det A = ad — bc. 4.7)

@ b =cu+dv,

o Q

The equations (i) may be specified by their matrix of coefficients A, an array of numbers
in two rows and two columns called a 2 by 2 matrix. Thus we may define A by its
column vectors, writing A = [x y], where x = (a,c),y = (b, d). Here A is called an
integral matrix because its entries a, b, ¢, d happen to be integers. The determinant of A,
denoted by det(A) or simply det A, is the number ad-bc. The following lemma suggests
its importance.

Lemma 4.8 (Determinant formulae for areas) We have

(a) area(a, b) = |det M|, where M = [ab] (a, b arbitrary vectors),
(b) area(a, b) = | det A| area(u, v), if a, b are related to u, v by (4.7).

Proof (a) We begin with a, b non-parallel in the manner A
of Figure 4.7. Thus the coordinates satisfy 0 < b; < a; and |,
0 < ay < by, and we have b

area(a, b)

= 2(area of OAB)

= 2(area OBC + area ABCD — area OAD)
= biby + (a1 — b))(az + by) — aja; 0 c D

= a1by — ab Figure 4.7 Diagram for
= |det M|, as required. proof of Lemma 4.8.

Y.

If we interchange the positions of A, B the area becomes —(det M), hence the need
to take the absolute value (areas are unsigned in this context).

Considering variants of Figure 4.7, we find that the determinant formula (a) holds
in all cases of a, b non-parallel. In the case a = ab for some scalar « we have
det M = ab b, — ab,by = 0 = area(a, b), so the formula remains true. Cases a =0
and b = 0 are trivial.

Proof (b) Applying Part (a) to both area(a, b) and area(u, v), we obtain
area(a, b) = |a;by — arb |
= [(auy + bvy)(cuz + dvy) — (auy + bvz)(cuy +dvy)| by (4.7)
= (ad — be)(uyvy — upvy)|
= |det Alarea(u, v), as required.
Exercise Prove that area(a, b) = | det[a b]| for A, B on opposite sides of the y-axis.
Theorem 4.9 Let u, v be a basis of T and a, b a pair of non-parallel vectors in T. Then
area(a, b) > area(u, v),

with equality (i.e. | det A| = 1) if and only if a, b is also a basis.
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Proof The vital fact that u, v is a basis allows a, b to be expressed in terms of u, v by a
relation (4.7)(i), giving area(a, b) = | det A| area(u, v), by Lemma 4.8. We require that
|det A| > 1, and it is true for reasons so simple they are easily missed. By definition of
basis in (4.2) the entries in matrix A are integers, so det A itself is an integer from its
definition. It cannot be zero because area(a, b) is nonzero, hence | det A| > 1, and the
first assertion follows.

For the equality assertion, suppose a, b as well as u, v is a basis. Then, by the first
part, area(u, v) > area(a, b) > area(u, v), so the areas are equal. For the converse assume
that u,v is a basis and the two areas are equal, implying that det A = £1 by Lemma 4.8.
Then equations (4.7)(i) have a unique solution

u = (da — bb)/det A, v=(—ca+ab)/detA (4.8)

for u, v in terms of a, b. Furthermore the coefficients of a, b are integers, since det A
equals £1 and a, b, c, d are integers. Thus any vector w in T may be expressed in the
form w = ma + nb by, for example, expressing w in terms of the basis u, v, then applying
(4.8). The expression is unique as required, because w = ma + nb = ra + sb implies
(m —r)a = (s —n)b, and hence m = r,n = s, since a, b are not parallel (see (4.4)).
Thus a, b is a basis.

Remarks 4.10 (1) We develop matrices in Chapter 7, so we have here a nice flier or
motivation for later. In effect we have proved for the occasion some basic results such as
Lemma 4.8. With Chapter 7 behind us it would be natural to invoke ‘matrix inverses’ in
the proof of Theorem 4.9.

(2) We recall for the next corollary that a cell for a plane translation group T is a
parallelogram whose adjacent sides, directed, represent basis vectors for 7.

Corollary 4.11

(a) A pairu, vin T is a basis if and only if area(u, v) is least possible for non-parallel vectors
inT.

(b) All cells have this least area.

(c) There are infinitely many cell shapes.

(d) All cells satisfying the minimum length condition (4.6) are congruent.

(@) (b) (c)

u

Figure 4.8 Three candidates for cell of a square net (one that admits a square cell). (a) A
cell (square) which satisfies the minimum length condition (4.6), and (b) one which does
not. By Corollary 4.11(d), every cell satisfying (4.6) is square, for this net. By Corollary
4.11(c), infinitely many parallelograms have the right area for a cell, but by Corollary
4.11(b) the long parallelograms (c) above do not. So a, b is not a basis of T.
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Proof Parts (a) and (b) follow from the observation that by Theorem 4.9, if x, y is a basis
and area(a, b) is least possible, then area(a, b) > area(x, y) > area(a, b), so the areas are
equal. In (c) we start with, say, the basis u, v given by Theorem 4.6. Then for every 2 by
2 matrix A with integer entries and determinant 1 there is (Theorem 4.9, last part) a new
basis a, b given by (4.7). Also, unless two matrices have identical entries they cannot
yield the same pair a, b, because of the uniqueness of their expression in terms of the
basis u, v.

To produce an infinitude of matrices establishing (c) we shall use two facts from
elementary number theory (Niven & Zuckerman, 1980, Theorems 1.3 and 1.17):
(i) there are infinitely many choices for a pair of distinct prime numbers p, g, and
(ii) for any such pair of integers with no common factor there are integers x, y such that

p

px + gy = 1. Then the matrix A = |:y _Z] has determinant px — (—¢g)y = 1, and

(c) is proved. (Other matrices will do: see Example 4.12.)

For (d), we note that if a cell satisfies (4.6) then the -
lengths of u, v are determined, though not necessarily
their directions. But, by Part (b), the cell’s area is deter-
mined. It equals |u||v|sin¢, where ¢ is the (unsigned)
angle between u and v, with 0 < ¢ < 7, and |u|sin ¢ is
the ‘height’ of the cell. Thus sin ¢ is determined and hence, although there is an apparent
ambiguity in that sin ¢ = sin(wr — ¢), the two possible parallelograms are congruent. See
Figure 4.9.

Figure 4.9

Example 4.12 Some integral matrices with determinant £1.

Y| R Pl [

The second part of Figure 4.10 is a scaled down version of the first, and indicates how a
tiling would proceed. The tiles are in alternate black and white layers.

What the eye sees The cell designs which the eye sees first are usually those with shortest
edge length, our choice of cell in Theorem 4.6. As we take more complicated matrices
to make new cells from this original, the new cells become rather thin and elongated.

Figure 4.10 New cells from old by the first matrix of Example 4.12.
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However, if we are looking for a tiling from which to begin a design, we can always use
a matrix of determinant, say, 4, and/or scale the earlier net, to suit our purposes.

Exercise Do as in Figure 4.8 with your own matrix.

4.3 The five net types

We are moving towards a classification of plane patterns by symmetries, which will aid
both their recognition and their creation. This section motivates the first step, of dividing
them into five classes by net type.

Review 4.13 Soon (in Chapter 5) we will make extensive use of the notation in Table
2.1, of a continuous line for a mirror, broken line for glide, arrow for translation, and
regular n-gon for n-fold centre of symmetry. Where construction lines or cell edges are
required in addition, the mirror lines will usually be thickened. We choose a basepoint,
at first arbitrarily, and join up the points of the resulting net so as to obtain cells of
the unique size and shape which satisfy the minimum length condition (4.6) (see
Corollary 4.11(d)). Later we will need to reposition the basepoint, for example to satisfy
Convention 4.4 and to take advantage of the powerful Net Invariance Theorem 4.14 to
come. To recapitulate, we let

F = a given plane pattern;

G = the group of all symmetries of F;

T = the subgroup comprising all translation symmetries;

N = net: all translates of some basepoint by the elements of T}
M = motif: a part of pattern F' whose translates form the whole.

Theorem 4.14 (Net invariance) Let g be a symmetry of a pattern. If g fixes a point of
some net for T then the net is invariant under g. That is, g maps net points to net points.

Proof Let g fix the net point A. Then so does g~! (see Notation 2.9 ff). In symbols, the
double equality A$ = A = A¢ " holds. Noting too that any other net point P is the image
AT of a translation symmetry T, we have:

P = (AT)g — ATs — (Ag’l)Tg — A8 'Ts

But, by Theorem 2.12(c), g~ ! T'g is a translation symmetry of the pattern, and therefore
P8 =A% T8 isa point of the net, as required.

Exercise Verify Theorem 4.14 in Figure 4.4, for a 1/6 turn and a reflection.

4.3.1 Nets allowing a reflection

In spite of Theorem 4.14, we cannot guarantee that cells will be mapped into cells, no
matter how carefully we choose the position of the net and the division into cells. What
we do find is that the alternative properties a net may have in order to allow a mirror
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a b
(@) ) (b) p
cell cell
7 \B m m
A' A’

Figure 4.11 (a) One edge AB equals a diagonal BA’ in length. (b) Adjacent cell edges
are perpendicular.

symmetry already suggest the five net types required for a full classification of plane
isometries. Naturally enough, since a study of reflections reveals so much about plane
isometries.

Suppose the pattern F has at least one mirror line m. It will have others too because of
translation symmetries, and perhaps glides and rotations, but we focus attention on the
effect of m alone. Since there either is or is not a cell edge parallel to m, we may divide
considerations into these two cases. For simplicity we will consider m as horizontal in
Case 1, and other convenient directions in Case 2. We will not go into full detail, since
we are using these cases simply to highlight the likely relevance of three criteria for a
potential cell: are its edges at right angles, are they equal, does one edge have the same
length as one diagonal?

Case 1 The mirror m is parallel to a cell edge We position the net so that m lies along
a cell edge. Let A be a vertex (net point) as close to m as possible but not actually on it.
Then the mirror m reflects A into another vertex A’ (Theorem 4.14), and the minimum
length condition, it may be verified, allows no more than the two possibilites shown in
Figure 4.11. Note that the three horizontal lines in each diagram are successive lines
composed of cell edges.

Case 2 The mirror m is parallel to no cell edge. Place the net so that m contains a vertex
A. Let AB be an edge. In particular, B is not on m. Then again there are two subcases
(see Figure 4.12).

(@ (b)

Ny
m ¢ B’ \m

Figure 4.12 (a) m is at right angles to AB. One edge equals a diagonal in length. (b) m
is not at right angles to AB. Adjacent cell edges are equal.

Cv
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C D C
[ R s R
27/n U ¢ 27/5 27/5
1]
(@) & 4 (b) B

a

Figure 4.13 Diagram for proof of the crystallographic restriction.

4.3.2 Rotations — the crystallographic restriction

We begin with some consequences of our discreteness hypothesis which don’t depend on
the presence of translation symmetries of the pattern F. Let F have rotation symmetries
about a point A and let o be the smallest positive angle for which R = R(«) is a
symmetry. We claim that « is 1/n of a turn for some integer n. Firstly, « must be some
fraction of a turn, for if not then R, R?, R3, ... are all different. Imagine their angles
marked on a circle. Since there are infinitely many the marks must come arbitrarily close,
contradicting the minimality of «. So now we have o = 27r/n for some integers r, n
with no common factor.

Appealing (again) to elementary number theory (Niven & Zuckerman, 1980), there
is some integer multiple k of r/n which differs from 1/n by an integer. Thus R =
R4(2m/n) is a symmetry. Since the least rotation is 27r/n we must have r = 1, and
o = 27 /n as asserted. Now we are ready to prove the famous crystallographic restriction
for plane patterns, so named for its relation to the early work of crystallographers in
classifying crystals by their symmetry groups. See e.g. Phillips (1971).

Theorem 4.15 The crystallographic restriction If a plane pattern has an n-fold centre
of symmetry, thenn = 2,3, 4 or 6.

Proof Let A, B be n-fold centres of symmetry as close together as possible and R, S
the corresponding 1/n turns, R = R4(1/n), S = Rz(—1/n). Our proof refers to Figure
4.13. There are two cases to consider: (a) general n, (b) n = 5.

We first establish that n < 6, using Figure 4.13(a). The image C = B® of B under R is
by Theorem 2.12(b) an n-fold centre, so from the hypothesis that | A B| is least possible we
have |AB| < |BC|. By elementary geometry, the same inequality holds for their opposite
angles in triangle ABC: ¢ < 2m/n. Since the angles of triangle ABC must sum to 7,
we have 2¢ = — 2w /n, whence n/2 —n/n < 2m/n,or t/2 < 3m/n,and son < 6.
It remains to rule out n = 5, using Figure 4.13(b). So let n = 5 and consider the points
C = BR, D = AS. Then, since 27 /5 < m/2 we have the contradiction |CD| < |AB|.

4.3.3 The five net types

We are now in a good position to motivate the classification of nets. Consider the Venn di-
agram in Figure 4.14, in which an enclosed subregion represents the set of all cells ABCD
with a certain property and the intersection of two such regions represents cells having
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|[AB| = |BC]

cellisa |AB| = |BC|
rhombus AB 1 BC

square
cells

rectangular
cells

v

one diagonal
equals side

cell is two
equilateral A's

(diamond) general parallelogram
cells

(b) Cell (shaded) in
the hexagonal net

(@

Cell (shaded)
in the centred

rectangular net

Figure 4.14 Genesis of the five net types.

both respective properties. The universal set, represented by an enclosing rectangle, is
all possible cells (parallelograms). Section 4.3.1 on reflections suggests highlighting
properties AB = BC and AB_LBC. These define the two large regions, and hence four
possible net types, labelled (i) to (iv) in Figure 4.14.

The third property appearing in Section 4.3.1, that one side of a cell has the same length
as one of the diagonals (the diamond shape), is put in as subcase (v) of (iii). According to
the Net Invariance Theorem 4.14 this is the only net type to allow the 1/6 and 1/3 turns
of the crystallographic restriction, since such a turn about any net point must send every
net point into another. The net is called hexagonal because its points form the vertices
and centres of a tiling of the plane by hexagons (see Figure 6.13). Again, it is not hard
to see from Theorem 4.14 that (iv), the square net, is the only type to allow 1/4 turn
symmetries.

Thus far we have divided nets into five types by their uniquely shaped cells which
satisfy the minimum length condition (4.6) (Corollary 4.11(d)): rectangular, square,
diamond, rhombus (other than square or diamond), and general parallelogram (none of
those preceding). To complete the classification we extend the rhombus class to include
all nets which admit a rhombus cell, even if it does not satisfy (4.6). Thus nets such as
that of Figure 4.15 are reallocated from the general parallelogram to this type which,
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F

C

Figure 4.15 Constructing the centred rectangles from a rhombus cell. FADE is an alter-
native cell which satisfies the minimum length condition (4.6).

because of the definition and lemma following, is known as centred rectangular. This is
how type (iii) in Figure 4.14 is to be interpreted.

Definition 4.16 A net is centred if its points are the vertices and centres of a set of
rectangles tiling the plane (all being translates of one rectangle).

Lemma 4.17 A net is centred if and only if it admits a rhombus cell.

Proof Figure 4.14(a) shows how a centred net admits a rhombus cell. For the reverse
implication we recall that a parallelogram is a rhombus (all four sides equal in length) if
and only if its diagonals bisect each other at right angles. In Figure 4.15 the diagonal AC
is a common edge of two rectangles whose definitions are completed by our specifying
that their centres are the vertices D, B of the other diagonal. In this way we recover
Figure 4.14(a). (On the other hand, the parallelograms ACDE and FADE are cells of the
net which do satisfy the minimum length condition (4.6).)

Remark 4.18 In view of Lemma 4.17, the square and hexagonal nets are centred, since
the square and diamond are special cases of a rhombus. To avoid confusion we do not
emphasise this, but we show in Figure 4.16 the centred rectangles superimposed in dotted
outline on these two types.

Résumé 4.19 The net types (numbered i to v in Figure 4.14).
(1) The general parallelogram net with no special properties nevertheless has 1/2 turn symme-
tries about the vertex of each cell, the midpoint of each cell edge, and the cell centre. See
Section 5.2.

) S TTT
e N AY//27 AV
[T ZLT77

Figure 4.16 How (a) the square net and (b) the hexagonal net with its diamond cells
may be exhibited as centred. In the first case the centred rectangle is square.
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Figure 4.17 Dot patterns representing the five net types.

(i) The rectangular net gives the option of mirrors in either one or two directions, and 1/2 turn
symmetries.

(iii) The centred rectangular net Because the diagonals of a rhombus bisect each other at right
angles, the points of this net can be grouped as the vertices of centred rectangles, as indicated
in Figure 4.14(a). This insight not only gives the net its name, but is important in practice,
for it is usually easier to see that copies of a motif mark the vertices and centre of a rectangle
than to be sure that they are equidistant from their neighbours, especially if the motif has a
very irregular shape. Mirror and rotation properties are as for (ii).

Note that a rhombus, though it will have least possible area (Corollary 4.11), may violate
the minimum length condition (4.6). (This unavoidable exception causes no harm in the
sequel.) It can nevertheless occur as Case 2b in Section 4.3.1.

(iv) The square net This is the first in our list which Theorem 4.14 (net invariance) allows to
have 4-fold rotational symmetry. As a result it can support mirrors at 45° as well as 90°. On
the other hand, Theorem 4.14 forbids 1/3 or 1/6 turns for this net.

(v) The hexagonal net The cell is a diamond, formed from two equilateral triangles, whose
internal angles are of course 60°, or m/3. Consequently, each point of the net is in six
equilateral triangles, tiling a regular hexagon. The hexagons in turn tile the plane. Thus it
makes sense to call this net hexagonal. Later we see the various possibilities for reflections
and glides. Here we note that 1/3 and 1/6 turns are permitted (for the first time), whilst 1/4
turns are not, by Theorem 4.14.

Example 4.20 One pattern of each net type.

Parallelogram net

Rectangular net Centred rectangular net

Figure 4.18
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Figure 4.19 Patterns for Exercise 4.6.
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Exercises 4

1.,/ What is the highest rotational symmetry in Figure 4.2, and where?

2,/ Find suitable net basepoints for Figures 4.2 and 1.1.

3 Find net points in Figure 4.4 giving cell 1 and cell 3 of Figure 4.3. Locate a cell which violates
Convention 4.4 for basepoints.

4 Write down a matrix A with integer entries and determinant 1. Starting with a tiling of the
plane by rectangles, use matrix A to derive a tiling by parallelograms of the same area, as in
Figure 4.4. Repeat for other such matrices A.

5 Prove that the diagonals of a thombus (parallelogram with all four sides equal) bisect each
other at right angles. Draw a tiling of the plane by rhombi and convert it into the corresponding
tiling by (centred) rectangles.

6./ Identify the nets of the plane patterns (a) to (g) represented in Figure 4.19.

7  Prove that area(a, b) = |det[a b]| for a case in which A, B are on opposite sides of the y-axis.

8  Verify Theorem 4.14 for the indicated net, in Figure 4.4, using a 1/6 turn, a 1/3 turn, a 1/2
turn, and a reflection.



5
The 17 plane patterns

In this chapter we introduce and exemplify the division of plane patterns into 17 types by
symmetry group. This begins with the broad division into net type. The chapter concludes
with a scheme for identifying pattern types, plus examples and exercises. It then remains
to show that all the types are distinct and that there are no more; this will be done in
Chapter 6.

5.1 Preliminaries

Here we recapitulate on some important ideas and results, then introduce the signature
system which will label each type of plane pattern according to its symmetry group. For
the basics of a plane pattern F and its group of symmetries G, see Review 4.1. We have
introduced the subgroup T of G, consisting of all translation symmetries of F' (Definition
4.2), and the representation of those translations by a net V of points relative to a chosen
basepoint O (Definition 4.3). The points of N are the vertices of a tiling of the plane by
parallelogram cells (Construction 4.5 — see especially Figure 4.3).

The division of patterns into five classes according to net type (determined by T) is
motivated by reflection issues in Section 4.3.1. In Section 4.3.3 we described the five
types, indicating case by case which of the feasible rotational symmetries for a plane
pattern (Section 4.3.2) are permitted by net invariance, Theorem 4.14. The result is a very
natural fit, for example the last type, the hexagonal net, allows 3-fold and 6-fold centres
but not 4-fold. Indeed, we might have led up to the net types by starting with rotations
rather than reflections.

Translations u, v, represented by adjacent sides of a cell, will denote a basis for
the translation symmetries, except in the case of a centred net when it is convenient to
use a 3-vector approach to integrate the rhombus and centred rectangle viewpoints (see
Section 5.4).

Glide symmetries, we recall, are appropriately limited to the kind R,,T,,» whose
translation component has one half the length of the shortest translation vector w parallel
to it, and R, Ty, o = Ty o Rin (see Convention 3.2 and preceding discussion).

64
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New symmetries from old We remind the reader of two main ways of deducing the
presence of further symmetries of a figure from those already identified. (a) Any sym-
metry maps mirrors to mirrors, glidelines to glidelines, n-fold centres to n-fold centres,
and translation directions to translation directions, in accordance with Theorem 2.12.
(b) The composition of two symmetries is another, details being given in Table 2.2.
This said, the following observations as to what symmetries can exist or coexist for a
given pattern are important ingredients in classifying plane patterns. The first results
from (a), because a rotation moves any mirror to the position of another, non-parallel
Mmirror.

The presence of both rotation and reflection symmetries implies at

least two mirror directions. Similarly for glides. 5.1
The presence of non-parallel mirrors, glides, or a combination,

implies rotations. (Table 2.2(b).) (5.2)
The least angle between the lines of two mirrors, glides, or a

combination, is w/n forn =2, 3,4, or 6. (5.3)

Observation (5.3) holds because the product of reflections in mirrors at angle 6 is
rotation through angle 26, which the crystallographic restriction Theorem 4.15 lays
down to be a multiple of 27 /n,n =2, 3, 4, 6. We will append n = 1 as represent-
ing the case of no rotational symmetry. A special case of (5.2), the mirror—glide
combination, was considered in Chapter 3 on braids, for lines at right angles (see
(3.4)). For convenience we reproduce as Figure 5.1 the three situations portrayed in
Figure 2.9: the position of one of the 1/2 turns produced by right angle crossing of
glide/reflection lines with each other. In summary, the translation component w of a
crossing glide ensures that the implied 2-fold centre is a translation by (1/2)w from
the intersection. This happens in two directions for the glide/glide crossing, as seen in
Figure 5.1(iii).

® (i) (iif)
Figure 5.1 The crossing at right angles of the line of a mirror/glide symmetry with

another in either category implies 2-fold centres in the positions shown. This notation
was given in Table 2.1.

Notation 5.1 Each plane pattern type is specified by four symbols [z |n[x]|y], a
development of the braid notation 3.4, interpreted as follows.



66 The 17 plane patterns

Initial symbol c if net is centred rectangular, otherwise p for ‘primitive’.

The highest degree of rotational symmetry in the pattern. That is, n is the largest
integer for which the pattern has an n-fold centre.

m if F has a line of symmetry,
g if, failing the above, F has a glideline, 1 if F has neither.

The same as for x, but for lines in a ‘second direction’.
In both cases the 1 is omitted if it would be the last symbol.

Interpreting x, y As with the braid patterns of Chapter 3 it is convenient to consider
one mirror direction as horizontal for the purpose of illustration, but we do not wish to
consider patterns to be of different type simply because of our choice of which mirror is
‘horizontal’. Again, we don’t want a pattern to change its type by being rotated through
90 degrees or any other angle. Thus the formulation above allows xy = mg but not
xy = gm, because the distinction is not required. In the hexagonal net the distinction
for mirror directions is between perpendicular and parallel to the sides of a triangle.
This will be explained in its own place, Section 5.6, but see below.

Convention 5.2 We have just noted that it makes sense for certain patterns to be consid-
ered as of the same type (or ‘equivalent’). Since we are about to draw representative cases
of patterns we will anticipate the formal definition of equivalence in Chapter 6 by agree-
ing that a pattern remains the same type if we (a) transform the plane by an isometry —
reflect, rotate, translate or glide, (b) change scale uniformly — i.e. we simply enlarge or
contract, (c) change scale in one direction so as not to change the net type.

Presenting the cases In Sections 5.2 and 5.3, the order of cases for each net is guided
by (5.1) to (5.3). We proceed from low to high rotational symmetry, with increasing
number of mirrors or glides. In each case, after the symbol znxy, with its usual shortening
highlighted, we give the following.

1. The outline of arepresentative cell, normally with vertices following the Basepoint Convention,
4.4, near the end of Section 4.1.

2. An example motif M, whose images under all the translation symmetries in a group of the
given type znxy form a pattern of that type. M in turn consists of images of a very simple
submotif =7 placed at the cell vertices, and at other positions and in other ways required by
the symmetries in znxy. Notice that M does not include the cell itself.

3. Below the cell, a representation of the rotation centres, mirrors and glide lines which intersect
it. Cf. Figure 2.17, in which this is continued over nine cells.

4. A small list of symmetries (generators) which generate (Definition 2.17) the whole group.

5. Any outstanding explanation of the symmetry configuration.

5.2 The general parallelogram net

Possible 1/n turns: n = 1, 2. No mirrors, by Section 4.3.1.
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rl
Example /

ey

[

<

|

e

0 0 0

Symmetries None besides
translation O O O
Generators: Translations u, v u, v plus one 1/2 turn (see (2.3)).
Figure 5.2

5.3 The rectangular net

Possible 1/n turns: n = 1, 2. The case of no m/g is covered under p1, p2.
Case n = 1 One reflection or glide.

[ I

Example L L L L
[ I
| |

Symmetries

Generators: Translations u, v, u, v plus one glide
one reflection

Figure 5.3

Case n = 2 Two reflection or glide directions (note: neither need be horizontal).

Basepoint position For convenience in drawing the motif in cases pmg and pgg we have
(only) here set the net basepoint at an intersection of mirror lines which is not a centre of
symmetry, giving priority to the second rather than the first criterion of Convention 4.4.

Exercise Redraw the diagrams for pmg, pgg so as to follow basepoint Convention 4.4;
or satisfy yourself that the given generators do result in the configurations of symmetries
shown in Cases 1 and 2 for the rectangular net.
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p2mm pmg P8 ) rleg

It il o I T 1 L
Example J J
]r 1[ 1r r
2 LT 1 L
Symmetries 0 ______ 0__ E- _______ :_ __6__ _-E
(% IR SR S
' ; 0
BV, DR N Q-- e EEEEE 4
Generators: Translations u, v Translations u, v Translations u, v
(See Figures 2 perpendicular a reflection 2 perpendicular
5.1, 5.2). reflections a glide glides
Figure 5.4
5.4 The centred rectangular net
v Cell = rhombus (shaded).
Its diagonals bisect each
u ¥ other at right angles

w=(1/2)u+ (12)v.

Centre of rectangle.

Figure 5.5 Translations, net and cell in the centred case.

‘Centred’ entails that, in addition to translations along the sides of the rectangle, there is
a translation symmetry 7_,, from the centre to one (and hence to every) corner. In some
patterns it is easier to spot a rhombus, in others a centred rectangle. Note that a rhombus
is a parallelogram with diagonals perpendicular. To get from the rectangle model to
a rhombus, start at the centre. Lines to two adjacent vertices form adjacent edges of a
rhombus cell, as illustrated in Figure 5.5. For the reverse step, see the proof of Lemma
4.17. In Figure 5.6 we get two of the seventeen types.

Explanation for symmetries The 1/2 turns in ¢mm arise from mirror—mirror and
mirror—glide crossings; see Figure 5.1. For the glides, suppose we have a horizontal
mirror line m, along a cell wall, and translations u, v, w as in Figure 5.5. Then the sym-
metries of the pattern include the composition Ry, T,,, which is shown in Figure 5.7 to
be one of the horizontal glides indicated, whose line cuts off 1/4 of a cell. Combining
it with a vertical translation u gives the other glides of cm. A second mirror direction
explains the glides of cmm.

This completes the net types with highest rotational symmetry n = 2.
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Casen=1 Casen=2

clm cmm c2mm

Example . [
; [
Symmetries
Generators: Translations u, w or v, w, Translations u, w or v, w,
one reflection two perp. reflections
Figure 5.6
- 0 m RinTyw =R Tupz Tor2
u
i n = RmRmRn T v/2
— v 5 =Ry, Tyn

Figure 5.7 How reflection and then diagonal translation produces a glide.

5.5 The square net

The square net is the only one to allow 1/4 turn symmetries. See Figure 5.8. With only
1/2 turns or none it counts as a special case of the rectangular net, so we consider only
the square net with 1/4 turns: n = 4. There are three associated pattern types. The last
two are distinguished by having either a mirror diagonally across the cell, or a glide (not
both), and we choose generators accordingly.

Explanation for symmetries

Rotations in all three types The translations u, v map a 4-fold centre at one vertex of the
cell to 4-fold centres at the other vertices (Theorem 2.12). A 1/4 turn at the centre can
be obtained as the product of a translation with a 1/4 turn at a vertex (see Exercise 2.1).
A 1/2 turn at the midpoint of an edge is the product of a translation with a 1/2 turn
(= two 1/4 turns) at a vertex (Example 2.5).

Mirrors and glides in p4m It is an easy exercise to show that translations u, v plus
the known rotations produce the mirrors of p4m from any one mirror, in particular
from the diagonal one we take as generator. Assuming these, consider Figure 5.9(a).
The combination of the 1/2 turn and reflection indicated in boldface is R4(1/2)R, =
(RiRw)R, = Ri(RyR,) = RiTap, whichis a glide since AB = u/2 + v/2. The 1/4 turn
symmetry about the cell centre rotates the glideline AB successively into three others,
forming the ‘box’ of glidelines as indicated.
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Example

Symmetries
O 0 O
0 O 0

Mirror
directions
Glide >
directions
Generators
Translations u, v, u, v, u, v,
one 1/4 turn. one 1/4 turn, one 1/4 turn,
one diagonal reflection. one diagonal glide.
Figure 5.8

Mirrors of p4g We are given one diagonal glide, so rotation about the centre gives the
other. In Figure 5.9(b), the combination of glide and 1/2 turn shown boldface equals
(TapRi)(RiRy) = TapRm = (RyRym)Ryy = R,,. Then by rotation we have the ‘box’ of
mirrors shown, included in the symmetries of p4g.

Glides of p4g In Figure 5.9(c) let g be the diagonal glide in bold (a generator for p4g
by assumption), and 4 the horizontal glide backwards along mirror n, both through the
distances indicated. Then gh = (RuTac/2)(Tpa2Rn) = RmTpc/2Ry. This isometry is
direct, being the product of one direct and two indirect isometries, so is determined by
its effect on any two points (Theorem 1.10). Since gh fixes A and sends B to D, as does
R4(1/4), we have gh = R4(1/4), whence h = g~' R4(1/4). Now since the glide / is the
product of two symmetries in the group, % is itself a symmetry, and rotation gives the
‘box’ of glidelines appertaining to p4g.
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Figure 5.9 (a) Origin of side AB of the box bounded by glidelines in p4m, (b) origin of
one side of the box, now formed from mirrors, in case p4g, (c) start of the glide box for
pAg.

5.6 The hexagonal net

Cell = 60° rhombus = 2 equilateral triangles, called a diamond.

Rotation symmetries of the net

2
6-fold at triangle vertices "
3-fold at triangle centres ‘
2-fold at midpoints of triangle edges
Figure 5.10

Case n = 3 (See Figure 5.11.) Here we suppose that the symmetries include a 1/3 turn
(at one triangle vertex), but no 1/6 turn. For the illustrations we take a change of motif.

Examples
\, AL N\
4 7 Y
Lo N N SA\WAREEEN L. =
/ / AN N 4
Symmetries

YA ﬁk /\
RS- SN

Generators (glides all parallel to mirrors)

Translations u, v, u,v, u,v,

1/3 vertex turn. 1/3 vertex turn, 1/3 vertex turn,
reflection in a reflection in a
triangle altitude. triangle edge.

Figure 5.11
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Explanation for symmetries Rorations By Theorem 2.10 the translation symmetries
map the 3-fold centre onto 3-fold centres at every triangle vertex. By Euler’s construction,
Example 2.6, the 1/3 turns at two adjacent triangle vertices may be combined to produce
a 1/3 turn about the triangle centre (see the solution to Exercise 2.2), which now translates
to every triangle centre. Introducing no reflections or glides we now have case p3.

The two sets of mirror directions Combining 1/3 turns with a reflection produces mir-
rors at angles of 60°, the angle in a triangle of the net. Hence, starting with a mirror
perpendicular to the u-direction, along the altitude of one triangle, we obtain mirrors
along the altitudes of all triangles. This is case p3m]1. It is notationally convenient to
consider this as a case of one mirror direction only, counting all the altitude directions as
one, via 1/3 turns. On the other hand, a mirror in the u-direction, along a triangle edge,
yields mirrors along the sides of all triangles, via the 1/3 turns, giving case p31m.

A - D

@ V

l

Figure 5.12 Source of the glides in (a) p3m1, (b) p31m. To achieve a more readable
picture the dotted glide lines represent position only. A glide distance is, as always, one
half the shortest translation in a parallel direction.

Glides of p3m1 InFigure 5.12(a) the glide g = Tpp;, R; may be followed by R,, to satisfy
8Rm = Tpp)2(RiRm) = Tpp/2Tac/» = Ty. Hence g equals T, R,,, which is a product of
symmetries, hence itself a symmetry. The reader can now see how all other glide lines
of p3m1 are generated from this one by reflection and rotation.

Glides of p31m In Figure 5.12(b), the glide g = T¢p/» R, may be followed by R; to
satisfiy gRy = Tcp/2Tap = Ty, so that g equals T, R; and is itself a symmetry. Rotating
the glide line by 1/3 turns about the triangle centres gives us the triangle of glides shown.

Case n = 6 (See Figure 5.13.)

Rotations On the one hand, a 1/6 turn squared is a 1/3 turn, so we have all the 1/3 turn
symmetries of Case n = 3. On the other hand, a 1/6 turn cubed is a 1/2 turn, giving us
a 1/2 turn at the midpoint of every triangle edge via translation, in the manner of (2.3).
There are thus two cases, according as we do (p6m) or do not (p6) have reflections at
all (see below).

Reflections and glides In case p6m we may compose a 1/6 turn about a triangle vertex
with reflection in a mirror along the side of a triangle. The result is reflection in an
altitude. Therefore we have the mirror directions of both p3m1 and p31m.

This concludes the 17 plane patterns and their symmetries, and one choice for the
generators of those symmetries. There follow a set of examples, a scheme for identifying
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. N7,
N\ T\

Example
The rotations of p6,
Symmetries the glides and reflections
of p3m1 and p31m
Generators Translations u, v, u, v,
reflection in a triangle

a 1/6 vertex turn,
edge or altitude.

Figure 5.13

the type, and a series of identification exercises for the reader. In the next chapter we see

how to generate examples of any type to order.

5.7 Examples of the 17 plane pattern types

pl: 'The jokers'

]

pg: 'Trees'

p2: 'Roman mosaic'

Figure 5.14
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pa: Jigsaw '
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cmm: 'Carpet 1'

pmg

p4m: '"Windows'

Figure 5.14 (continued)
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Figure 5.14 (continued)

5.8 Scheme for identifying pattern types

Case A Pattern has 1/2 turns or none.

ANY MIRRORS?

NO
(_GLIDE DIRECTIONS? )

CENTRED NET?

YES [T |
two  one none

A SECOND A SECOND

MIRROR MIRROR OR GLIDE 1/2 TURNS?
DIRECTION? DIRECTION?

| | T ! YES  NO
NO  YES nolne m|r|ror ghlde | |

I I
cm cmm pm pmm  pgm g pg p2 prl

Case B Pattern has 1/n turns: n =3, 4, or 6.

|
n=4 n=6

|
n=3
I I I
Hexagonal net Square net Hexagonal net
only only only
ANY DIAGONAL
MIRRORS OR GLIDES? | ANY REFLECTIONS?

| ANY REFLECTIONS?

none triangle triangle

edge alitude  hone m"‘m’ g“‘de NO YES
r3 p3lm p3ml p4 pdm pag pé poém

Figure 5.15
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Exercise Use the scheme in Figure 5.15 to check the type of one pattern from each net,
in Section 5.7.

Notes

(1) Nets versus rotation The first question in our identification algorithm concerns rotations
rather than nets, because of possible ambiguity. For example, the square is a special case
of a rectangle, which is in turn a parallelogram. Indeed, the net of a pl or p2 pattern
can coincidentally be any one of the five net types, though counted as a parallelogram for
classification purposes. On the other hand, n = 3 or 6 requires the hexagonal net and n = 4
the square, giving an important check as we proceed.

(ii) 1/2 turns can be hard to spot, and therefore we use them (in the first instance) only to
distinguish between p1 and p2. Notice that (i) does not require us to identify 1/2 turns, but
simply to decide whether 1/3, 1/4 or 1/6 turn symmetries are present.

(iii) Glides As remarked earlier, for glide spotting it may help to think of a fish gliding left-right
as it proceeds forwards.

(iv) Confirming the decision Having decided the type of a pattern from the scheme above, we
can test this not only by the net but by the presence of any symmetries we choose which are
predicted for this type (see Sections 5.2 to 5.6).

Example 5.3 (Roman ‘Pelta’ design, Figure 5.16). Following the scheme to find the
pattern type, we see that there are 1/4 turn symmetries, and so go to Case B: n = 4. We
confirm that the net is square, choosing 4-fold centres as net points (Convention 4.4). But
notice that a valid square cell, satisfying the minimum length condition (4.6) has edges
not horizontal and vertical, but at 45 degrees to the horizontal. This is seen by focussing
on one net point and noting its nearest net points. Sample vertices for a cell are marked
in the pattern with a small square: (1. Now we can truthfully answer the question relative
to this cell: ‘is there a diagonal mirror, glideline, or neither?’ There is a diagonal glide
(horizontal on this page), so the pattern has type p4g.

Exercise Show that the perpendicular glides in Figure 5.17 imply the 1/2 turns.
Note: each 2-fold centre is 1/4 translation distance from a glideline.

Figure 5.16 Roman ‘Pelta’ design.
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(a) w21 implies  (b) F----esempososaoe- 5

Figure 5.17 Some half turns that must be present in a symmetry group having translations
u, v and glidelines as in (a).
Exercises 5

1 4/ Identify the type of each of the patterns in Figure 5.18.

AN AN 44N
4444
AN A4 4N

(c) Windmills (d) Crazy paving

e

(e) Persian tiling (®
Figure 5.18

2 / Identify the type of each pattern in Figure 5.19.

glalele

Figure 5.19
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(©) (d)

(e) (f) Arabic pattern

Figure 5.19 (continued)

3 / Determine the type of each pattern represented in Figure 5.20.

Figure 5.20
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More plane truth

We have indicated how nets fall naturally into five types for the purpose of classifying
plane patterns, and found 17 possible configurations or groups of symmetries. But should
they all be considered different, and are there more? After dealing with these questions
via Sections 6.1 and 6.2, we look at some techniques for producing plane patterns to
order. The most important for our purposes will be the use of a fundamental region,
developed in Section 6.4.3, and concluded with the algorithm of Figure 6.32, by which
most plane pattern examples in this book were produced.

6.1 Equivalent symmetry groups

Here we recapitulate and enlarge upon some material of Section 2.5 on groups in general.
For two symmetry groups G, H to be considered ‘the same’, or equivalent, there must
be a pairing between their elements so that their multiplication tables are the same apart
from names of elements (cf. Figure 2.23). So far, this says that G and H are abstractly
isomorphic. But we impose the additional requirement that like symmetries must pair
with like.

Example 6.1 G ={I,R,}, H={Il, R,}, where m,p are different lines. (We
permit ourselves to use the same symbol for the identity in either group.) Here G and H
are equivalent according to the definitions that follow.

Definition 6.2 Groups G, H are isomorphic if there is a bijection, or pairing, ¢: G — H
such that

o(/8) = ¢(fHe(g), forall f,ginG, (6.1)
where ¢( f) means the image of element f under map ¢. Then ¢ is called an isomorphism
from G to H. Informally, (6.1) is described as saying that ¢ preserves multiplication. It
follows that, for all g in G,

o) =1, (6.2)
dg™") = ()", (6.3)
g and ¢(g) have the same order, (6.4)

79
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where the s in (6.2) denote in order the identity elements in G and H. If necessary we
may distinguish them by subscripts thus: /g, Ij.

Proof of (6.2) We have

o) = ¢p(I?) since I = I?
=¢(I) ¢(I) by (6.1), ¢ being an isomorphism.

By Theorem 2.21(i) on uniqueness of identities this is sufficient to prove that ¢(/) = I.

Proof of (6.3) Here we argue that

d(g Hp(g) = p(g7'9), ¢ being an isomorphism,
= ¢(), which equals / by (6.2).

This time we apply Theorem 2.21(ii), and Statement (6.3) follows.

Proof of (6.4) We observe, firstly, that ¢(g")=¢p(g-g-...-8) =d(g)P(g)---
¢(g) = ¢(g) . Hence if ¢p(g)" = I we may write ¢p(g") = I = ¢(I), which implies that
g" =1, since ¢ is bijective (part of the definition of isomorphism). Now, this argument
reverses: if g” = I then ¢(g)" = I, so the least power which equals the identity is the
same for both g and ¢(g). That is, they have the same order.

Example 6.3 The cyclic group C4 and dihedral group D4 both have size 4 (see Section
2.4). Are they isomorphic? Let us first try a sledgehammer approach and use Theorem
2.18 to write out the multiplication tables of these groups (an exercise at the end of
Chapter 2). Let C4 have a 1/4 turn T as generator, and let D, contain a reflection
R and 1/2 turn 7. Then with elements listed as the first row of their table we have
Table 6.1.

Table 6.1. The multiplication tables of C4 and D,.

Cy I T T2 T3 D, I T Rt
I I T T2 T3 I I T R Rt
T T T2 T3 I T T I Rt R
T2 T2 T3 I T R R Rt 1 T
T3 T3 I T T2 Rt Rt R I

We observe that in the Cy4 table row 2 is a cyclic shift of row 1, and so on down the
rows, whilst the entries for D, partition into four quarters. It follows that the elements of
Dy, say, cannot be reordered so as to give the same table as C, apart from the names. We
will not give a more detailed argument because there is a very simple reason, based on
(6.4) above, why the two groups are not isomorphic. That is, that C4 has an element of
order 4, whilst D4 has not. However, the tables are instructive.
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Example 6.4 The symmetry group of a cube is isomorphic to the group S, of all permu-
tations of four objects. In fact, the symmetries of a cube permute its four main diagonals
(see e.g. Coxeter, 1973).

Definition 6.5 Symmetry groups G, H are equivalent if there is an isomorphism ¢ :
G — H that sends like to like (then ¢ is called an equivalence), that is

reflections to reflections, translations to translations,
glides to glides, and 1/ turns to 1/ turns. (6.5)

Example 6.6 In the notation of Definition2.17,1let T\ = Gp{T,, T,}, T, = Gp{T,, Ty},
where vectors u, v are at right angles and w, x are at 60°. A typical element of T'; is
Tu+nv With m, n integers. Then

¢(Tmu+nv) = me+nx (66)

is an isomorphism satisfying (6.5). Thus T; and T, are equivalent, as are all plane
translation subgroups, by an isomorphism ¢ which pairs the elements of a basis of the
one group with a basis (see (4.2)) of the other. See Figure 6.1.

X

N

Figure 6.1 Equivalence ¢ between translation groups with bases u, v and w, x.

Example 6.7 The groups G = {I, R} and H = {I, T} are isomorphic, where R is a
reflection and 7 a 1/2 turn, both therefore of order 2. But they are not equivalent, since
the only possible isomorphism from G to H maps a reflection to a 1/2 turn, infringing
(6.5). In fact the conclusion follows without considering isomorphisms: we may simply
note that G has a reflection whilst H does not.

Example 6.8 Pattern 6.2(a) is stretched to form pattern 6.2(b). This destroys the vertical
symmetry, and so the symmetry groups of the two are not equivalent.

According to the scheme described in Section 5.8, the first pattern has type cm, whilst
the second is designated p1. Of course, if we had instead stretched (a) equally in all
directions we would still have had the ‘same’ symmetry group for (b).

Exercise Why cannot the groups Cg and D¢ be isormorphic?

Remarks 6.9

(1) An isometry g of the plane sends every pattern F' to one of the same type. That is, their
symmetry groups are equivalent. For, by Theorem 2.12, the isometry g maps like to like,
satisfying (6.5), and this theorem gives us the equivalence ¢(R) = g~! Rg. For example, if
m is a mirror line of F then g~' R, g is the operation of reflection in the mirror line m$ of
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(a) (b)

Figure 6.2 Two patterns (a), (b) whose symmetry groups are not equivalent.

F¢. As required, ¢ satisfies the definition of an isomorphism; in detail ¢(RS) = g~'(RS)g =
(g7'Re)(g™"'Sg) = p(R)H(S).

(2) Uniform scaling of the plane with respect to some origin, namely enlargement or scaling down,

fortunately does not change the type of a pattern (if it did, the inconvenience would prompt
a change of definition of equivalence). If g(x) = rx (r > 0) defines such a transformation
then the formal equivalence required is given by ¢(R) = g~ ! Rg. Note in particular that g
preserves angles, shapes and the ratios between distances.

(3) Let g be a stretch (or contraction) in one direction, say g(x, y) = (rx, y) (r > 0).

(a) The groups of F and F¢ are not equivalent if F has 3-, 4- or 6-fold centres, since g changes
angles.

(b) g does map 2-fold centres to 2-fold centres, for if A, B, C are collinear points with
|AB| = | BC| then the same holds for their images.

(c) A stretch parallel to an edge sends a rectangular cell to a rectangular cell.

Table 6.2. Tests for equivalence. If any property in the list is possessed by
symmetry group G but not H then they are inequivalent, by Definition 6.5.

1. G has an n-fold centre 4. G has both reflections and glides
2. G has reflections 5. G has reflections in at least two directions
3. G has glides 6. G has glides in at least two directions

6.2 Plane patterns classified

We have in Chapter 5 a description of 17 types of plane group, each with a distinct
signature or symbol, of the form znxy. To establish that this list does classify plane
patterns up to equivalence, we must prove assertions A, B, C below.

A.
B.
C.

Plane groups with different signatures are not equivalent,
Plane groups with the same signature are equivalent,
All plane groups are included in the signature system.

Besides their nets, which concentrate on translation, a further powerful tool we shall
use for distinguishing between symmetry groups is their point group P which, in a
complementary way, ignores translation and uses only reflection and rotation.
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6.2.1 Patterns with different signatures — the point group

Definition 6.10 Let A be any given point of the plane. Then the point group P of a plane
group G consists of the identity and:

(1) all those R4(m/n) for which there is an m/n turn in G,
(2) for every mirror or glideline of G, the reflection in the parallel mirror through A.

If A needs to be specified, we refer to ‘the point group at A’. That P is indeed a group may
be seen as follows (see Section 2.5). From Table 2.2, the product of every two elements of
P is also in P. For example if P contains R4(«), Ra(B) then G contains Rp(), Ro(B)
for some points £, Q and hence their product Rg(o + ), say. Thus, by definition of P,
we have R4 (a + B) in P. Multiplication in P is associative simply because its elements
are transformations, P contains an identity by definition. The inverse of an element of
P is in P because (i) a reflection is its own inverse, and (ii) if R4(¢) is in P then Rp(¢)
is in G for some point D, so is the inverse Rp(—¢), and hence R4(—¢) is in P.

Example 6.11 Figure 6.3 is an example, with glidelines thickened and lightened.

All the mirrors of P are shown in Figure 6.3(c), understood to intersect at the basepoint
A, and we see that they are the lines of symmetry of a square, the regular 4-gon. The rest
of P consists of I, R, R?, R?, where R is a 1/4 turn about A. Hence P is the dihedral
group Ds, discussed in Section 2.4. Now we prove a key result for the usefulness of the
point group.

(a) plane pattern. (b) symmetries near a cell. (c) the symmetries in the point
group P, except the 1/2 turn.

Figure 6.3 From pattern to point group P = Ds.

Theorem 6.12 The net is invariant under the point group.

(a) For any plane pattern group G, the net at a given point A is mapped onto itself by the point
group ‘P at A, and, consequently,
(b) P is contained in the point group of the net.

Proof Let B be a net point. Then B = AT for some translation 7. Suppose that g is an
element of P. Then we have BS = (A7) = AT¢ = A¢ '8 But g~ !Tg is a translation
of the net, by Theorem 2.12, so B# is indeed a point of the net.
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Table 6.3. The plane pattern types by net and point group

Net Plane group G Point group of G
Parallelogram pl 1 {1}
2 p2 2 (65
Rectangular pm, pg M
2MM) pmm, pmg, pgg 2MM Dy
Centred rectangular cm IM
MM) cmm 2MM Dy
Square p4 4 Cy
4MM) pam, pdg 4MM Dg
Hexagonal p3 3 Cs
(6MM) p3ml, p31lm 3M Dg
po 6 Cs
p6m oMM D12

The basis for using the point group P is that if plane groups G, H are equivalent then so
are their point groups, and hence:

if the point groups of G and H are not
equivalent, then neither are G and H. (6.7)

It is customary to denote the point group by nxy analogously to the plane groups, except
that now both ‘m’ and ‘g’ are replaced by M. We recall that n corresponds to the smallest
1/n turn in G. In Table 6.3 we list the point group of each net and of each of the 17
plane pattern types. These may be inferred in each case from the rotation, glide and
mirror symmetries given in Sections 5.2 to 5.6 (cf. Figure 6.3). The cyclic and dihedral
notation is given also. Note that it does not cover the group 1M, consisting of the identity
and a single reflection, {/, R,,}. The point group of each net (itself a plane pattern)
is given in parenthesis beneath its name, and must contain the point group of each
corresponding plane group, by Theorem 6.12. Dihedral groups D, and rotation groups
C,, are reviewed in Section 2.4. We are now ready to prove assertion A as the next
theorem.

Theorem 6.13 Plane groups with distinct signatures are inequivalent.

Proof We must prove inequivalence of all pairs chosen from the 17 types listed in Sections
5.2t05.6. The number of such pairs is 17-16/2 = 136. Since patterns with different point
groups are inequivalent by (6.7), Table 6.3 shows that all pairs are distinguished by the
point group except for the 11 pairs dealt with under four cases, next.

Now we continue the proof of Theorem 6.13.
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____0 _________ .0____
0 0
____0 _________ _0____
0 0
____0. _________ 0____
pmm pmg peg

Figure 6.4 Recapitulation of some symmetry configurations.

Case 1 M: three pairs from pm, pg, cm These are handled easily by Table 6.2, since pm
has one mirror direction but no glides, pg one glide direction but no reflections, whilst
cm has both.

Case Dg: six pairs from pmm, pmg, pgg, cmm None of the first three groups are equivalent
by an argument similar to Case 1M (see Figure 6.4). Further, cmm differs from both
pmm and pgg by having both glides and reflections, and from pmg by having two mirror
directions (see Section 5.4 for the symmetries in cmm).

Case Deg: the pair p3ml1, p31m In the first group, reflection may be composed with
translation of minimum length to obtain a reflection, but not in the second.

Case Dg: the pair p4m, p4g The first has more mirror directions than the second.

Exercise Verify some of the point groups given in Table 6.3.

6.2.2 The classification is complete

Starting from a series of 17 hypotheses which are easily seen to cover all possible
discrete plane pattern groups G, we arrive each time at one of the types listed in Chapter
5. We exhibit equivalence by having the correct net type, and symmetries in the correct
positions relative to a basis u, v for the translation vectors (5.2) of G. The equivalence
map ¢ is a natural extension of (6.6) in Example 6.6. Let us temporarily denote a group
listed in Chapter 5 by H, with basis x, y. If a point A has position vector a = ru +
sv let A’ be the point with position vector @’ = rx + sy. Then ¢: G — H is given
by Ty — T,, Rap = Rap, Ra(m/n) — Ra(m/n). We will incidentally confirm that
there are no more symmetries than stated in each case of H. Much use will be made of
discreteness: as examples, # and v will always be shortest translation vectors in their
respective directions, and we can always choose a mirror and glideline to be as close as
possible without coinciding. At the finish we will have established assertions A, B, C at
the head of this section and so shown that discrete plane patterns may be classified into
the 17 types of Chapter 5, distinguished by their labels znxy.

Case 1 Discrete plane groups with no reflections or glides

Case 1.1 (Only translation symmetries) All such groups are equivalent by Example 6.6,
and form type p1.
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Case 1.2 (n = 2) We assume G has a 1/2 turn at the basepoint O, and deduce that G has
all the symmetries of p2 and no more. We recall for here and future use

Ro(1/2)R4(1/2) = Troa, (6.8)
R4(1/2) = Ro(1/2)Tz0a. (6.9)

In fact (6.9) is proved in Figure 2.6 and implies (6.8) (multiply both sides by Rp(1/2)).
Wenow have 20A € T = R4(1/2) € G (by (6.9)) = 20A € T (by (6.8)). Thus the 1/2
turns of G are at the same points as for p2, namely those A for which 20A is a translation
vector, geometrically the cell vertices, midpoints of edges, and centres (see Section 5.2).
The position vectors of these points are all (1/2)(ru 4 sv), forr, s in Z, the set of integers,
including zero and the negatives. Thus G is of type p2.

Case 1.3 (n = 4) We assume G contains Rp(1/4). Then the u 3
net is square and there are no 1/3 turns (Résumé 4.19). By the

argument of Section 5.5, G contains the rotational symmetries | <> |
listed for p4, namely 1/4 turns at the cell vertices and centres,

and 1/2 turns at the midpoints of the edges. We record the o <> ] <>

position vectors ru + sv or (r + 1/2)u + (s + 1/2)v for the

1/4 turns, and ru + (s + 1/2)vor (r + 1/2)u 4+ svforthe 1/2

turns (r, s in Z). There are no more 1/2 turns R4(1/2) (so no u <> u
1/4 turns) because (6.8) implies 20A = ru + sv (r, s in Z); Figure 6.5 Case 1.3.
and we have accounted for all such points, since the 4-fold

centres also supply 1/2 turns. Thus G is of type p4.

Case 1.4 (n = 3) We suppose G contains Rp(1/3), and set the basepoint as usual at O.
The net is necessarily hexagonal (Résumé 4.19), with basis u, v along the sides of one
of the equilateral triangles making up the unit cell. There are the 3-fold centres at the
vertices and centres of every equilateral triangles in the net (see Section 5.6), the position
vectors being (1/3) (ru + sv), for r, s in Z. However, there are no 1/2 turns, for such
would imply a 1/6 turn, say R4(1/2)Ro(—1/3) = Rp(1/6). It remains to show that there
are no more 1/3 turns R4(1/3), for which we make use of Figure 6.6.

Suppose R4(1/3) is a symmetry but A is not a vertex. We need only deduce it must
be a triangle centre. We have R4(2/3)Ro(1/3) = Tac, shown enlarged in Figure 6.6(b).
By relocating the basepoint if necessary we may assume |OA| < |OP|, and then AC is
shorter than the long diagonal of a cell OPQR. Since AC is a translation vector of G

s R 0
C B A
u 30 30
. ) V
(@) 0 P (b) o

Figure 6.6 There is no 1/3 turn at a point A which is not a triangle vertex or centre.
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we have AC = QR for a triangle edge OR. By elementary geometry A is the centre of
triangle OPQ. Thus there are no more 1/3 turns and G is of type p3.

Case 1.5 (n = 6) Our hypothesis is that G contains Ry (1/6) (but still no reflections or
glides). As in Case 1.4, this implies that the net is hexagonal and that there are no 1/4
turns. But this time there are 1/2 turns. By taking the square and cube of the 1/6 turn we
obtain the rotation symmetries deduced for p6 in Section 5.6: 1/6 turns at the triangle
vertices, 1/3 turns at their centres and 1/2 turns at the midpoints of edges. Our task is
to explain why there can be no more symmetries. This was done for 1/3 turns in Case
1.4. We will rule out new 1/6 turns by ruling out new 1/2 turns (their cubes). Suppose
R4(1/2) is a symmetry. We may suppose |OA| < |OP| as illustrated in Figure 6.6. Then
there is a translation symmetry Ro(1/2)R4(1/2) = Tro4, by (6.8). Therefore A is the
midpoint of an edge, so is already accounted for. Hence G is of type p6.

Case 2 Discrete plane groups with reflections/glides all parallel

Case 2.1 (Mirrors only) Let G have reflection in a mirror m. Since all mirrors of G are
parallel there is no rotation symmetry, for it would rotate the mirrors to new directions. We
find a basis u, vof T as shortest translation vectors respectively parallel and perpendicular
to m. To prove this is so we note that in T every vector parallel to some vector x of T
equals ax for some constant «, and so the set of all such vectors forms a line group
(Definition 3.1). Then Theorem 3.3(a) gives the first assertion below. The second is an
elementary observation, illustrated in Figure 6.7(b).

In T, all vectors parallel to a given line n are integer multiples ru,
where u is a shortest vector parallel to n. (6.10)

If x is parallel to u then subtracting a suitable multiple tu leaves w |
=x —tu, with \wq| < (1/2)u]. (6.11)

Suppose u, v is not a basis and that w is a shortest translation vector they do not express
(w need not be unique). We obtain a contradiction. Resolve w parallel to u# and v, say
w =wj + wj, as in Figure 6.7(b). By (6.11) we may suppose that [w| < (1/2)|u]|,
for otherwise we could subtract multiples of u to ensure this, and w would still not be
expressible in terms of #, v, but would be shorter. This is illustrated in Figure 6.7(b) by the

x = AC illustrates (6.11)

v A w B u C
w
w W, Wy
(a) m (b) E D

Figure 6.7 (a) Vector w is not expressible in the basis u, v. (b) How the # component
of w can be shortened until |w| < (1/2) |u|.
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replacing of AD by AE for w. Butnow R,,T,, = (R,,T,,)T,,,, which is a (non-allowed)
glide since R,, Ty, is a reflection (see (2.1)), and its translation part w | is shorter than u.
This contradiction shows that, after all, u, v is a basis of 7. Finally, combining R,, with
multiples 7v (¢ in Z) gives precisely the reflections of pm.

Case 2.2 (Glides only) As in the previous case there can be no rotations. Let g = R, T
be a glide in G with shortest translation part. Let u, v be shortest translation vectors
respectively parallel and perpendicular to the mirror m. Then since x is as short as
possible we have |x| < (1/2)|u| by (6.11). But g> = Tsyx, so |2x| > |u| by minimality
of |u|. Hence |x| =(1/2)|u| and we may take g = R,,T,». We have derived a useful
ancillary result for other cases:

if G has glides parallel to translation vector u, shortest in its own
direction, then G has a glide with translation part u/2, and this is
least for glides parallel to u. (6.12)

Ifu, vis not a basis for the translation symmetries, let w be a shortest vector not expressible
in terms of them. Decompose w parallel to # and v as in Figure 6.7(b): w = w| + w,. As
before, we have |w,| < (1/2)|u| by (6.11). Now, gT,, or gT_,, is a glide with translation
part (parallel to u) strictly shorter than u/2. The only way this can be true is for g to be
a reflection, but these are not allowed in this case, so we have a contradiction and u, v
do indeed form a basis (in the next case reflections are allowed, and we infer a centred
net). Combining g with translations rv, perpendicular to m, we obtain all the glides of
pg. The presence of further glides in G would imply translations which are not integral
multiples of v, contradicting (6.10). Hence G is of type pg.

Case 2.3 (Mirrors and glides) There are still no rotations because all mirrors and glide-
lines are in one direction. Let u be a shortest vector in that direction. We shall construct a
centred rectangular cell for G. As in Case 2.2, we may assume by (6.12) that G contains
a glide g = Ry, T,». Let n be a mirror of G as close as possible to the mirror line m of
this glide. Represent u by AB with n lying along AB. We have R, g = R,RnTyp = T,
say. Now let AE represent w and AD, BC both represent v = 2w — u. Then we have
the rectangle ABCD with centre E of Figure 6.8.

A u B

D C

Figure 6.8 The centred rectangular cell, found from parallel mirrors and glides.

Notice that w is a shortest translation vector in its own direction, otherwise it would
combine with R, to give a glide too close to n. We prove that u, w (hence also v, w) is
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a basis for the translation vectors in the group. Let x be such a vector. Then since u, w
are not parallel we have x = Au + puw for some constants A, i which must be shown to
be integers to establish the basis assertion. By (6.11) we may subtract integer multiples
of u, w from x so as to leave |A|, || < 1. But then u = 0, otherwise R, T, would be a
glide with line closer to n than that of g. Thus x = Au. Now, by the minimality of |u|
we may infer that A = 0, which means that the original A, u were integers. Thus we
have shown that u, w is a basis. Finally, T, generates all the reflections and glides of cm
by composition with R, and g. Further glides or reflections cannot be present, for they
would generate translations which cannot belong to the group. We have established that
G has type cm.

Case 3 Discrete groups with reflections/glides in exactly two directions

Case 3.1 (Mirrors only) Here n = 2. The two directions must be at right angles, or
mirrors would reflect each other into new directions. The shortest translation vectors u,
v in the respective directions form a basis by the argument of Case 2.1. But now we
obtain the mirrors and 2-fold centres of pmm, reproduced in Figure 6.4. The existence of
further mirrors or 1/2 turn symmetries would contradict the minimality of |«|, |v|. Thus
G has type pmm.

Case 3.2 (Glides only) Again n = 2; the glides are in two perpendicular directions or
they would generate more glide directions. The argument of Case 2.2 (glides only, one
direction) applies here also to show that shortest vectors u, v in the respective direc-
tions form a basis. By (6.12) there are glides R,,T,, and R, T, with least translation
parts. They generate the symmetry configuration of pgg, shown in Figure 6.4. Fur-
ther glides or 1/2 turns would contradict the minimality of |u/|, |v|. In short, G is of

type pgg-

Case 3.3 (Glides and mirrors, no glide and mirror parallel) As before, n = 2 is implied.
The mirrors are all in one direction and the glides in another, perpendicular to the first.
The usual arguments show that shortest vectors u, v in the respective directions form a
basis. A glide with shortest translation part has the form R, T,», by (6.12). One mirror
and this glide, together with translations, generate the symmetry configuration of pmg
(see Figure 6.4) and no more. We have G of type pmg.

Case 3.4 (Glides and mirrors: some mirror and glide parallel) As before, we haven = 2
and two perpendicular directions for mirrors and/or glides. However, things work out a
little differently because glides and mirrors are allowed to be parallel.

Let mirror n have glidelines parallel to it and let the glide ¢ = R,,T,» be as close as
possible, where u is a shortest translation vector parallel to m (cf. (6.12)). We perform
the construction of Case 2.3 (cm) to obtain the centred rectangle ABCD, with u, w and
v, w equally valid as bases, and u, v, w shortest translation vectors in their respective
directions (see Figure 6.8). Now consider the mirror/glides in our second direction. We
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choose the basepoint as A, lying at the right angle . ?
intersection with n of a mirror p along AD. Then :
g = R, T, is a glide parallel to u with least possi- v \'4 <>

-()-

V o—+o1+0
-.(D-
Y &40

ble translation part. Now Rp and g, together with
translations 7,, (r in Z) generate the remaining
mirrors and glides of cmm, combining with those
in the first direction to give the 1/2 turns. We have
exactly the symmetry configuration of crmm (and
no more), as reproduced in Figure 6.9, and so G ~ Figure 6.9 The cmm symmetries.
falls into type cmm.

u

Case 4 Discrete plane groups with mirrors and 1/4 turns

Case 4.1 (Some mirror contains a 4-fold centre) We recall from Case 1.3 that as a
consequence of 1/4 turns being present, the netis square, no 1/3 or 1/6 turns are possible,
and the rotational symmetries are those of p4 and no more, as depicted in Figure 6.10.
It remains to decide what configurations of mirrors and glides are possible. Now, every
mirror must reflect r-fold centres to r-fold centres (Theorem 2.12), and this restricts its
position to one of those shown in p4m or p4g. It may or may not pass through a 4-fold
centre, and in this present case we suppose that one mirror does so. Whichever mirror we
choose for this role, its presence implies (by combination with rotations and translations)
that of all mirrors in p4m. Also, combining 1/2 turns and diagonal reflections gives the
box of glides in p4m (see Section 5.5). Any further reflections or glides imply the
presence of disallowed translations or rotations, and so are ruled out. Hence the present
choice of first mirror considered leads to G being of type p4m.

o fo) o O o o
o o (o] C o
o 0 o [u o o

Figure 6.10 Possible symmetry configurations over a cell for a discrete plane pattern
with 1/4 turn symmetries; cf. Figure 6.3.

Case 4.2 (No mirror contains a 4-fold centre) From the discussion of Case 4.1 up to
choice of mirror, the remaining choice is to have a mirror containing a 2-fold but not
a 4-fold centre. This generates the mirrors and glides of p4g (Section 5.5). Again, the
configuration is complete, or contradictions arise, and so G has type p4g.

Case 5 Discrete plane groups with mirrors and 1/3 turns

Case 5.1 (Mirrors along triangle edges, no 1/6 turn) In Case 1.4 we dealt with the
consequences of allowing a 1/3 turn. The net is hexagonal, meaning that a cell is diamond-
shaped, consisting of two equilateral triangles back to back. Quarter turns are ruled out,
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A

A
A A

p3 p3ml p3lm

Figure 6.11 Possible symmetry configurations over a half cell for a discrete plane pattern
with 1/3 turn symmetries.

but there are 1/3 turns at every vertex and centre, as depicted for p3 in Figure 6.11. What
are the options for a mirror? It must reflect 3-fold centres to 3-fold centres (Theorem
2.12), and consequently lies along a triangle edge or altitude. The two cases cannot arise
at once, for then we would have a 1/6 turn (this situation is dealt with as Case 5.3). (*)
So let us suppose that there is a mirror along some triangle altitude. Invoking translations
and rotations we generate the reflections and glides of p3m1, recalled in Figure 6.11 (see
also Figure 6.6 for the argument). As usual, a check shows that no more are possible
without contradiction. We conclude that G is of type p3m1.

Case 5.2 (Mirrors in triangle edges, no 1/6 turn) Here we follow Case 5.1 up to the
choice of mirror direction (*). Then we specify that some mirror lies along a triangle
edge. Again referring to Figures 6.11 and 6.6 we obtain precisely the symmetries of
p31m, and so G is of this type.

Case 5.3 (Mirrors and 1/6 turns) The 1/6 turn combines with an altitude reflection to
give an edge reflection, and therefore we have the glide/mirror symmetries of both p3m1
and p31m. A 1/6 turn at one vertex is translated to all (Theorem 2.12). Its squareisa 1/3
turn, ensuring that the rotational symmetries of p3 are included, and its cube is a 1/2 turn
which combines with translations to produce a 1/2 turn at the midpoint of every triangle
edge. A little checking shows that further symmetries would violate the hypotheses of
this case. Thus G is of type p6m.

This completes a fairly rigorous justification of the standard classification of discrete
plane groups of symmetries, and hence of plane patterns. A concise ‘pure mathematical’
derivation may be found in Schwarzenberger (1980), and a more geometrical approach
in Lockwood and Macmillan (1978).

Exercise Verify some of the point groups given in Table 6.4.

6.3 Tilings and Coxeter graphs

Definition 6.14 A plane tiling or tessellation is a countable set of regions Fj, F,, ...
called tiles or faces, which cover the plane without area overlap. To say the faces are
countable means that we can index them by integers 1, 2, 3, ... as we have just done.
Two tiles may have a common boundary, say a line segment, but this contributes no area.
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For our purposes we may assume each face is continuously deformable to a closed disk
D = {(a, b): a, b real, a®> + b*> < 1}. Thus a tile is not allowed to have ‘holes’. A tiling
is polygonal if every tile is a (not necessarily regular) polygon.

(a) (®)

Figure 6.12 General tilings.

6.3.1 Archimedean tilings

We consider tilings by polygons which fit edge to edge, that is, each edge of a polygon
is an edge of exactly one other. This rules out (a) of Figure 6.12, even though the tiles
are polygons. Nevertheless it will prove a very convenient starting point. A simple but
important special case is that of the regular tilings {m,n} by regular m-gons, n at a
point. It is easy to prove directly by the approach of (6.13) shortly below that the three
well-known tilings of Figure 6.13 are the only possibilities. Note that we exhibit {3, 6}
as the dual of {6, 3}, dual being defined after Figure 6.13.

{3, 6} light,
{4, 4} {6, 3} in bold

Figure 6.13 The regular tilings, with {3, 6} as dual of {6, 3}.

Definition 6.15 The dual of a polygonal tiling is the division into polygonal regions
obtained by joining the centre of each polygon to that of every polygon with which it has
a common edge. Of course the dual of {4, 4} is a translated copy of itself, and taking the
dual of {3, 6} in Figure 6.13 gives us back {6, 3}. We require some notation introduced
by Ludwig Schléfli (see Coxeter, 1973).

Notation 6.16 (See Figure 6.14.) A vertex around which we have in cyclic order an
ni-gon, an ny-gon, ..., an n,-gon, is said to have type (ny, ns, ..., n,). We abbreviate
repeated numbers by an index. Thus (4, 6, 12), (6, 12, 4) and (12, 6, 4) are the same
vertex type, as are (4, 8, 8) and (4, 8%).

Definition 6.17 A tiling by regular polygons is Archimedean of type (a, b, ...) if each
vertex has the same type, (a, b, .. .). This of course includes the regular tilings, of types
4%, (6%), (3%). We now investigate what other Archimedean tilings exist. Firstly, con-
sider the situation at an individual vertex. We may anticipate that some possibilities for
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{3,3,4,3,4} {3,4,3, 12} {3,4,6,4} {3,6,3,6}

Figure 6.14 New vertex types by rearrangement of entries in Table 6.5.

arranging polygons around this point will not extend to a tiling, but we will not miss
any that do by starting this way. (Archimedes’ name is given to these tilings because he
studied polyhedra with faces obeying similar rules to this plane case. See Coxeter, 1973.)

Since the interior angle of a regular n-gon (n > 3) has angle m — 27 /n and the angles
at a point sum to 27, we have for a vertex of type (n1, ny, ..., n,) that r is at least 3 and
(r—2n/n)+ (@ —2n/n)+---+ (v —2n/n,) = 2m, or

A=2/n)+A=2/n2)+---+(10=2/n)=2. (6.13)

We show that this equation can have, fortunately, only a finite number of solutions,
and enumerate them. Since Equation (6.13) is unaffected by the order of the integers
n; we may assume they are arranged in non-decreasing order. Further, n > 3 implies
1 —2/n > 1/3, so there cannot be more than six terms on the left hand side of (6.13),
thus

3<nm<m<---<n,, and 3<r <o (6.14)

And now, since 1 — 2/n (n > 3) is increasing with n, the number of solutions is finite.
They are found as follows. For each of r = 3, 4, 5, 6 we test the r-tuples (ny, ..., n,),
in lexicographical order, to see if they satisfy (6.13), until (1 — 2/n) > 2.4 The last
condition means of course that the left hand side of (6.13) must now be at least 2. The
solutions are given in Table 6.5, lexicographically for each r.

Table 6.5. Solution sets for r regular n-gons
surrounding a point.

r=3 r=3 r=4 r=>5 r==6
3,7,42 4,5,20 32, 4,12 34,6 30
3,8,24 4,6,12 32, 62 33, 42

3,9, 18 4, 82 3,42, 6

3,10, 15 52,10 44

3, 122 6
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We may pick out the regular tilings as special cases. Four of the solutions as given can
be rearranged to produce, up to cyclic permutations and reverse ordering, exactly one
further point type each, as shown in Figure 6.14.

We now have 21 point types that are guaranteed to exist as the surroundings of a single
point, but how many extend to a tiling? We will shortly give a list (Figure 6.23) but, as
noted in Griinbaum & Shephard (1987), a finite diagram does not automatically prove
the existence of a tiling. We have to give, in effect, an algorithm for constructing the
constructible to an arbitrary number of tiles. We take the opportunity to do so in terms
of isometries, applying and reinforcing ideas already built up. There are far-reaching
extensions to three and higher dimensions (Coxeter, 1973, 1974).

Exercise Verify that the solutions of Equation (6.13) for » = 3 are as given in Table 6.5.

6.3.2 Coxeter graphs and Wythoff’s construction

This construction applies to a configuration of mirrors whose mutual angles are all
of the form m/p, p > 2. It can be used in three dimensions, and more generally in n
dimensions, but our concern here will be the 2-dimensional plane. The Coxeter graph of
a group generated by reflections R, S, ... has nodes labelled R, S, ... We join typical
nodes R, S by an edge marked p if their mirrors are at angle /p, p > 3. But we do not
join these nodes if p = 2. Corresponding mirror lines are likewise labelled R, S, ... as
illustrated in Figure 6.15.

Key Example 6.18 Mirrors forming a right-angled triangle thus:

B T
T/p /g p q
S give Coxeter graph: R S T
Figure 6.15
Note 6.19 The Coxeter graph here depicted denotes the dihedral group P
D,, = Gp{R, S}, the symmetry group of a regular p-gon, generated by re- R S

flections R, S in two mirrors at angle 7/p. (See Section 2.4 and especia-
lly Theorem 2.18.)

Wythoff’s construction The 3-node graph in Figure 6.15 gives in principle up to seven
distinct tilings of the plane for each allowable pair p, ¢ > 3, corresponding to our assign-
ing a special significance to one or more nodes by placing a small circle round each. This
works as follows. The vertices of the tiling are the images under the group of one fixed
initial point. The construction allocates these points to edges, and edges to polygonal
faces, based on their belonging to initial edges, which belong in turn to initial faces. This
works consistently because, for example, if A is a vertex of an edge e then A¢ is a vertex
of edge e* for any isometry g. We begin with the simplest case.
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One node ringed p q
. . IC (@) B
The instructions are: R S T
(a) Choose an initial point A on the intersection of all
mirrors with unringed nodes, S and 7T in Figure R T
6.16(a). o -
(b) Form an initial edge AB, symbolised as (B, where S A
B = AR,

(c) Form an initial polygon (tile) ty, symbolised as (b:/
c B
p
o—
R S X
whose edges are the images of AB under Gp{R, S},
. . D A
namely the rotated copies of AB through successive
1/p turns SR: AB, BC, CD, ... It is shown in Figure
6.16(b) as a regular hexagon.

(d) Our tiling is defined to consist of the images of the
initial polygonal tile #) under Gp{R, S, T'}. The in- Figure 6.16(a),(b)
ductive step as applied to A is given below.

Form the g images of ¢y, under successive 1/q turns TS about A.

In Figure 6.16(c), p = 6 and ¢ = 3.
At every stage, a vertex P of the tiling formed so far has 1/q turns in terms of R, S,
T and we use them to surround P with g copies of ¢y as was done the first time for A.
For example:

Rs(1/q) =T8S, so by Theorem 2.12 we have (©)

Rp(1/q) =TSk, since the 1/p turn SR maps C B p
A to B, and

Re(1/q) = TSS®* . since (SR)? maps A to C, =\
and so on.

It remains to observe that all the isometries we have, such
as the above, for fy, go over into any adjacent p-gon via a
reflection 7" in their common edge. Figure 6.16(c)

Exercise Find a basis for the translation symmetries of {6, 3} in terms of R, S, T above.

Exercise & 3 6 has dual 3 6 ©. Verity this by construct-
R S T R S T
ing both from the same mirrors R, S, T as shown in Figure 6.13.

It is very useful to understand this basic procedure first before going beyond what we
have just constructed, namely a regular tiling {p, g} for each allowable p, g that gives a
right-angled triangle: (4, 4), (3, 6) or (6, 3).
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Initial polygons The general rule is: for each node, if deleting it and the adjacent edges
leaves a 2-node subgraph with at least one node ringed, then this subgraph defines an
initial polygon (unless the corresponding mirrors are at angle 7 /2). More details below.

A non-regular tiling Now let us obtain something new, still with P~ 4
only one node ringed, by interpreting Wythoff instructions (a) to (d) 5 T
for this graph.

To show the relationship of this to {p, ¢} and
{g, p} we putourright-angled RST triangle as before
within a regular p-gon (p = 6 in Figure 6.17(a)).
The initial point A is on the intersection of mirrors
R and T (by Wythoff rule (a) above).

The initial edge %) = AB is common to two ini-

tial faces: the p-gon ]}L? =4BCDEF, and g-gon

(Sa_q_]: — ABG. Figure 6.17(a)

We note that FAG is a straight line because w/p + 7 /q = 7 /2. v
Thus, in the tiling, A is surrounded by the initial pair of tiles plus
their images under the 1/2 turn RT, as shown here. Furthermore, it

is clear from the construction, by a discussion similar to that for the B G
preceding cases, that every point of the tiling is surrounded in the ~ Figure 6.17(b)
same way. Thus we have an Archimedean tiling of type (p, ¢, p, q).

The one new case is (3, 6, 3, 6). In three and higher dimensions we

get rather more (see remarks at the end of this chapter).

Cases with two rings

Case 1: Initial vertices and edges The only unringed vertex is 7. o—L o 1
Ay
R N T

On mirror 7 we place initial vertex A at the intersection with the
angle bisector of mirrors R, S, as in Figure 6.18(a). This is the
unique position which ensures that the initial edges ? = ABand (3 = AL have the
same length. Further, this is half the side length of the regular p-gon in which we place
the RST triangle. See Figure 6.18(b).

(2) (b)
Figure 6.18
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(a)
B
T
R L
vp
S A
Figure 6.19

Initial faces (= tiles, polygons)

Diagram (i) The edges are the images of both AB and AL under 1/p i) O p o
turns SR, giving a regular 2p-gon ABC... L, inscribed as shown R S
in Figure 6.18(b). q

Diagram (i) A regular g-gon AL . .. M formed from the images of (i) O————
AL under 1/q turns T§. S r

Conclusion Polygons (i) and (ii) with their images under the 1/2 turn RT surround vertex
A, giving it type (¢, 2p, 2p). Hence we have a tiling of this type. Altogether the p, ¢
pairs 4, 4; 3, 6; 6, 3 yield two new tilings, of types (3, 12?) and (4, 8?).

Case 2 The initial point A is the intersection of mirror S with the

bisector of the angle between mirrors R and 7, hence the initial o—2> 9o
edges ? = AB, and 9 = AL have the same length, as shown in g s T
Figure 6.19 (a).

Initial faces (tiles): () &—2— and (i) — ¢
R S S T

Diagram (i) is a p-gon ABC ... F whose edges are the images of AB under 1/ p turns SR
and are parallel to corresponding edges of the background polygon. Diagram (ii) is the
g-gon AL ... M bounded by g images of AL (g = 3 in Figure 6.19(b)). Now we apply
the 1/2 turn RT to (i) and (ii). They, with their copies, each provide one edge of a square
ABNL. We see that A has type (p, 4, g, 4). This gives one new tiling, of type (3, 4, 6, 4).

Cases with three rings

Case 1 In the previous cases, with just two rings, the potential &—2 1 o
ambiguity of initial vertex A was resolved by using an angle bisector. R $ T
Now we specify that A lie on two (hence all three) angle bisectors of

the RST triangle. Thus A is the centroid of the triangle, and is equidistant from all three
sides. The initial edges are: ? = AL, O AM, O AN, shown in Figure 6.20(a),
and have equal lengths. L, M, N are the centroids of the images of the RST triangle

under respective reflections R, S, T.

Initial faces: (1) @L@ and (i1) GL@
R S S T
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(@ (b)

Figure 6.20

Here (i) is a 2p-gon AL ... M inscribed within the background p-gon as in Figure 6.20
(b), whilst (i1) is a 2g-gon AN... M (g = 3). These, together with their images under
the 1/2 turn RT, contribute one edge each to bounding a square ANPL, also with A as
a vertex. The type is (4, 2q, 2p), giving us (besides some old ones) a new tiling type,
(4, 6, 12). The point types we have not covered are (3, 6), (33, 4%), (32, 4, 3, 4). They
are not difficult, but we refer to Griinbaum and Shephard (1987) and give next a finite
sample of all Archimedean tilings and their types. There appear 10 of the 21 types we
identified as possible around a single point. One, (34, 6), has a right handed and a left
handed form obtained from it by an indirect isometry.

6.4 Creating plane patterns
6.4.1 Using nets and cells

Given a net type and a cell, we can do a little design work focussed on any or all of
the vertices, edges, or cell interior, whilst keeping the same translation symmetries. A
simple example is Figure 6.21(a). From a viewpoint which may intersect this, we can
redraw the left edge with a meaningful cavity provided we put a corresponding bulge on
the right edge. Similarly for horizontal edges, as in Figure 6.21(b). See also the excellent
discussion in McGregor and Watt (1984), p. 237.

< || ¥+
|| +

(a) type p4m (b) type p1
Figure 6.21 Patterns formed by modifying aspects of a cell which is (a) a square, (b) a
general parallelogram type.

Figure 6.21 shows two examples, followed by an exercise for the reader. Creative
experimentation can reveal a great diversity of possibilities.
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Exercise Design a pattern by embellishing the hexagonal net.

6.4.2 Patterns from tilings

Every tiling of the plane has a symmetry group. A great variety of tilings are described in
Griinbaum & Shephard (1987). In particular, our Archimedean tilings have independent
translations in two directions, their symmetry groups are clearly discrete (see Review
4.1 ff.), and therefore they must be some of the 17 plane groups. The first three tilings
in Figure 6.23 are already nets, but the last nine give new examples in their own right.
However, we can modify them in many ways, such as those shown in Figure 6.22.

Type pl from (32,4, 3, 4) Type p6mm from (4, 6, 12)

Figure 6.22 Two plane patterns from simple additions to Archimedean tilings.

Exercise Design a sweater pattern by embellishing Archimedean tiling (33, 4?).

6.4.3 Using the fundamental region

Definition 6.20 A fundamental region F for a discrete group G of isometries of the
plane is a closed region satisfying (see Definition 6.14)

the images of F under G tile the plane. (6.15)

That is, the images cover the plane with no area overlap. It will be useful in the sequel
to restate this no-overlap condition as

no point of F is mapped to any other by an element of G

(except boundary to boundary). (6.16)
What about a single cell as candidate for F? Its images cover the plane, and for group

p1 condition (6.16) holds also, so the cell is indeed a fundamental region. But in all other
cases (6.16) fails to hold and, in a sense, that is our opportunity.

Example 6.21 The plane group pm has a rectangular cell which,
with basepoint on one of the parallel mirrors, is bisected by another
of these mirrors, as illustrated to the right with vertical mirror m.
Because m reflects each half of the cell into the other, condition
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§ (3) @)

3%6)

(6%)

Fd_. AVAVAVA
AVANEY AV

3% 6)

(3,6,3,6)

(3,4,6,4)

(3%,4,3,4)

il

~—

4, 8%)

(4,6,12)

3,129

Figure 6.23 The Archimedean tilings.
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(6.16) fails. But either the shaded or the unshaded half may be taken as fundamental
region. Two step-by-step examples will illustrate how we may use the fundamental
region as a tool to obtain patterns of any given type ‘to order’.

Construction 6.22 A pattern generation method Cut a cell down to a fundamental
region, insert a submotif, then rebuild the cell.

RS ZAN RN — Y

Figure 6.24 The pg cell with its 1/2 turns, and three choices of fundamental region
(shaded). Condition (6.16) is satisfied (no overlap) because the central 1/2 turn sends
the fundamental region onto an unshaded area. There are no mirrors here.

Example 6.23 We make a p2 pattern by Construction 6.22; first we need a suitable
fundamental region, and we can get it as a subarea of a cell. Three ways to do this are
shown in Figure 6.24. Then, as in Figure 6.25, we

1. draw an asymmetric motif in the chosen fundamental region;

2. add in its image under the central 1/2 turn;

3. now put in the p2 translates of this combined motif. The guidelines may or may not
be part of the pattern. They are not mirrors.

AT

S0 0\
0 &0\

Figure 6.25 Stages in constructing a pattern of type p2 from an initial motif.

Example 6.24 We create a pattern of type cmm, again by Construction 6.22. This time
finding a fundamental region JF takes several steps, shown in Figure 6.26, in which we
start with a cell and repeatedly discard an area because it is the image of another part of
the cell under a symmetry in cmm, and so is not required for , by (6.16). Unlike in the
previous example, we may take the cell edges as mirrors. There are glides too, as well
as 1/2 turns (Section 5.4).
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n
m
(b) ©) (d)
Figure 6.26 (a) The symmetries of cmm. In cutting down the cell to a fundamental
region we discard (b) the lower (white) half of the cell since it is the image of the shaded

half under the mirror m, (c) the right half of the cell because of mirror n, (d) another
1/8th because of the 1/2 turn shown.

The shaded area (d) of Figure 6.26 is a fundamental region F, since it cannot be
further subdivided by symmetries of cmm (Condition (6.16)), and its images fill the cell
(without overlap) and hence the whole plane after translations are applied (Condition
(6.15)). Now we put a simple motif M = \_in F and rebuild the cell, working back
the way we came, and including the motif in each image of . See Figure 6.27.

M

Rebuilding the cell
@
m
n
Apply the 1/2 turn reflect in mirror n reflect in mirror m
And finally... A pattern of type cmm

e D
X X X
X X
X X X

=
X X X

Figure 6.27 Building a cmm type pattern: (1) draw motif in fundamental region, (2) fill
the cell, (3) tile the plane.

3)

Remarks 6.25

(1) As in Examples 6.23 and 6.24 above, it often helps to create a pleasing result if the motif is
in contact with the boundary of the fundamental region.



104 More plane truth

—> —>> —>>

Figure 6.29 Reconstruction of cell contents from fundamental region 7.

(ii)) There are many possible choices of fundamental region and, in
choosing a succession of symmetries in G to reduce the cell to a
fundamental region, we have in fact found a set of generators for G.
A diagram of the configuration of symmetries around a cell, as in
Sections 5.2 to 5.6, enables us to assess the choices (Figure 6.28).
For a given effect, some may be more convenient than others.

Convenient generators are the horizontal and vertical mirrors
crossing the cell, as in Example 6.24, together with a suitable choice

1121 3]4

5161718

Figure 6.28 Eight
congruent choices
of F in Example
6.24.

of one of the four half turns at a point P interior to the cell. One way this can work is shown

in Figure 6.29.

(iii) The fundamental region emphatically need not be a parallelogram, or even a polygon. See,
for example, Figure 1.2, an Escher-like picture of type pg in which this region may be taken
to be one bird (cf. Escher, 1989, p. 30). For a non-polygonal cell, see the p1 pattern in Figure

6.21.

(iv) By trying out various submotifs it is not unusual to hit on an Escher-type dovetailing that we
did not design. This occurred, to the good fortune of the present writer, in Figure 6.30, in

which the submotif was a roughly ‘mouse-drawn’ bird, shaded in black.

(v) To reproduce an existing pattern by the fundamental region method, we may

(a) decide on a cell,
(b) cut it down to a fundamental region F,

0 26 52 X y

F—" _ﬁ 0 17
8 25
2 W] 16 18
17 25
26 13
32 (a) 17 10
26 0
' 14 'l
9 5
1 -1
5 9
1 18
(b) (c) (d) Lady-birds

Figure 6.30 Stages in computer generation of a cm pattern with square cell. (a) Bird
motif in fundamental region. The scale is in pixels. (b) Copies of unshaded motif filling
the cell, corresponding to generators of cm. (c) Local pixel coordinates of ‘moused-in’
submotif. (d) The cm pattern obtained by tiling the plane with cells. Note the Chinese

ladies outlined in white.
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)
N

(@) (b)

Figure 6.31 Converting a plane pattern to a generating submotif. (a) A common Islamic
pattern, (b) a suitable submotif, (c) its calculated coordinates.

(c) note the portion of the picture contained in F,
(d) recreate this submotif and apply to it the group of symmetries, building up to a cell, then
to the plane area it is desired to cover. See Figure 6.31.

Exercise Noticethatin Figure 6.31 the submotif does not quite lie within the fundamental
region. What is gained by this? Redraw diagram (b) to produce the same pattern (a), but
this time starting from a submotif lying entirely within the fundamental region. Use your
diagram to reconstruct the pattern by hand.

6.4.4 Algorithm for the 17 plane patterns

Nomenclature Coordinates are rectangular, measured in pixels or otherwise, from an
origin at O, the top left hand corner of the given cell. G is the centroid of the cell, with
coordinates (xg, yg). For the hexagonal net only, G| and G, are the centroids of the two
equilateral triangles shown forming a cell. Their coordinates are (xg;, ygi), (xg2, yg2).
On the other hand, the subscripted g; and g, are glides, with mirror position and trans-
lation component together represented by a dashed directed line segment ---—. Without
the arrowhead thus: ------ , only the position of the glideline is being specified, but its
translation component may be taken to be one half the shortest translation symmetry
along its line (see (6.12)).

How to read the list Figure 6.32 describes the algorithm by listing isometries to be
applied in succession to a cell, starting with a submotif in the fundamental region, so
that tiling the plane with the drawn-in cell will produce a pattern of prescribed type.
This was the procedure followed in Examples 6.23 and 6.24. Thus for example ‘Do:
Ry, R’ in pmm means: ‘In addition to the pixels already illuminated in the cell, turn on
all their images under Ry, (but don’t turn any off). Then repeat this for R,,.’

Exercise Reposition the pmg cell so that the vertices are 2-fold centres, and obtain a
new fundamental region and generator system.
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p2
0O 0 O
1
pm
Do: R,,
m
prg
mmmmmmmmm—————. s Do: g,
pmm
n DoR,. R,
m
pmg
_O__ __.O___
___O_. -_.O.-- m Do: Ry (1/2), R,
010 b
125954
01030
0 :0 :0 , Do: g5, R, (1/2)
VTR T Y
000 Y
cm
i ' Y
& m Do: g,, Ry,
K
n
p Do: Ry (1/2), Ry Ry,

Figure 6.32 (Algorithm for the 17 plane patterns) Isometry sequence to fill a cell, centre
G, starting with a submotif in the fundamental region.
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Do: Ri(1/4), R(1/2)

Do: Rp, Rg(1/4), Ri(1/2)

Do: R, Ri(1/4), Ri(1/2)

’

Do: R01(1/3)’ RGl(1/3), RGZ(1/3)’ RGZ(1/3)
p3ml
N
R

Do: R, then (as for p3) R (113), Rg, (1/3), Rg(1/3), R, (1/3)

A

Figure 6.32 (Continued)

Exercise Follow through the steps by which the fundamental region is made to tile the
cell in case pgg.

Exercise Verify that the cell of p4g is rebuilt from the fundamental region as implied.
Can you suggest a way to do it using a glide?

Exercise Explain why no 1/6 turn is required as generator in case p6m.

Other approaches Having followed Figure 6.32, the reader will be able to find other
formulations of fundamental region JF and associated isometries f, g, f, ... If it is desir-
able or necessary to fill the cell by straight copies of J rather than the procedure above,
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p3lm

AN

Do: R, then (as for p3) R (1/3), R (113), R (1/3), Rg; (1/3)

A

Do: Rg; (1/3), R (113), RG(1/2)

pom

Do: R,. then (as for p6) RG1(1/3), RGl(1/3), R(1/2)

Figure 6.32 (Continued)

the way to do this may be inferred by noting that, for example: (F U F/)8 = F8 U F/¢,
so that we have the following table.

Done so far Result

f FUF/

f. g FUFUFEUFs

f.g.h FUFUFSUFBUFhyFHmUFshy Fih

There may well now be redundancies, enabling us to delete some of the terms above in
the unions.

Exercise Suppose the above method is applied. Can any terms in the union be dropped
in the case of p4g or p3?

Exercise Derive the formulae for R, and Rs(1/4) in Table 6.6 (hint: use Corollary 2.2).

Remarks

1. There is a useful method of tiling the plane or higher dimensions starting from a collections
of points. This is the Voronoi triangulation. It has been found useful in computer graphics and
in our Sections 11.2 and 18.3.6. (Dobkin, 1988).
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Table 6.6. Coordinate form for generators of the 17 plane groups. G(xg, yg) is the
centre of gravity of a cell. In hexagonal net, yg = xg/~/3, G1 and G, have
respective coordinates (2/3)(xg, yg) and (4/3)(xg, vg).

First

isometry
Generating appearance Result (x, y) — x’ ', ),y
Ry pm 2xg — x y
Ry pmm x 2yg -y
R, pam y by
Ry pag xXg—y xXg —x
R, p3ml (x + y+/3)/2 (V3 —y)/2
R, p3lm (4xg —x — y+/3)/2 (4yg —xv/3+y)/2
Rg(1/2) p2 2xg —x 2yg—y
Ru(1/2) pmg xXg—x 2yg—y
Ry (1/2) cmm 2xg — x yg—y
Rg(1/4) p4 y 2xg —x
8 pg x+xg 2yg—y
&2 P88 Xg —X y+yg
Ro(1/3) —(x +yv/3)/2 (xv/3—y)/2
Rg,(1/3) p3 4xg/3 — (x + y+/3)/2 (xv/3 = y)/2
Rg,(1/3) p3 8xg/3 — (x + y+/3)/2 (xv/3 = y)/2

Note: Some of the formulae above are conveniently derived by techniques found in Section 7.4.
The matrix of a transformation, though they could be done by a judicious combination of Theorem
2.1 and brute force. Many are straightforward, and are set as exercises.

2. In Wythoff’s construction for 3-space, mirror lines become firstly the intersection of planes
with the surface of a sphere (great circles). We get a fundamental region bounded by such curves
and a unifying approach to the polyhedra with some degree of regularity such as the Platonic
solids (cube, icosahedron, ...) and many others. The techniques cover tilings of 3-space and
beyond (Coxeter, 1973, 1974).

3. All this is intimately connected with the construction of ‘error-correcting codes’ for commu-
nications. See Section 13.2 and e.g. Conway & Sloane (1988).

Exercises 6

1/ Why cannot the groups Cy, and Dy, be isomorphic? Give an example of two symmetry
groups which are isomorphic but not equivalent (not from amongst the 17 types). See
Section 2.4 and Table 6.2.

2 Write out the ten elements of D in terms of reflections R, S in mirrors at the least possible
angle (see Section 2.4).

3 Ina pattern of type pgg pick out symmetries which yield the elements of the point group.
(Cf. Example 6.11. See Section 5.7 and Exercise 5.1.) Do the same for one of type p3m1.

4 ./ Prove that there are only three regular tilings of the plane.
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10.
11

12

More plane truth

Write a computer program to produce the solutions of Table 6.5 for Archimedean plane
tilings.

Find a basis for the translation symmetries of the plane tiling by squares, in terms of three
generating reflections R, S, T for the symmetry group.
This Coxeter diagram, with p =3, g = 6, produces an
Archimedean plane tiling of type (3, 6, 3, 6) by Wythoff’s
construction. Apply this construction by hand up to at least
six hexagons.

Obtain a tiling of type (3, 4, 6, 4) from the Coxeter diagram o—2 1 5
shown, with p = 3, g = 6. R

Obtain a plane pattern by suitable shading of one of the Archi-

medean tilings of Figure 6.23. Which of the 17 types results?

Find the plane pattern type of each example in the table.

Starting with the hexagonal net, design plane patterns of type (i) pb6m, (ii) p3m1.

For each plane pattern in Examples 4.20, find a fundamental region and submotif, then
regenerate the pattern. State the type. Record what you do at each stage.

Repeat Exercise 6.11 for patterns (a) to (g) in Exercise 4.6.

13/ Identify the pattern type in Figure 6.33. Find fundamental regions of two distinct shapes

and their associated submotifs and generators. Illustrate by regenerating (enough of) each
pattern by hand.

14/ Referring to Figure 6.32, type pmg, reposition the basepoint at a 2-fold centre. Can you find

15

16
17

18
19
20

a fundamental region F within the cell? If so, give at least one possible list of symmetries
with their images of F which tile the cell. Does this work for pgg with basepoint at the
intersection of two glidelines?

For one pattern type in each net type, use Figure 6.32 to design a plane pattern, using the
same submotif in the fundamental region for each case.

Extend Exercise 15 to all 17 types.

Write a computer program implementing the method of Figure 6.32 for pattern type cmm,
in which the user specifies what lies inside the fundamental region.

Extend Exercise 17 to all patterns with rectangular cell.

Derive at least four lines of Table 6.6.

Project: implement all procedures of Figure 6.32.

%? K%? f%}" =
R

R Ya VY,

Figure 6.33 Pattern for Exercise 1

B

“xf<l__f-"' o
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Program polynet

This software is an implementation of the plane pattern algorithm of Figure 6.32, and
may be down loaded, with manual, from www.maths.gla.ac.uk/~sgh.

Operation Choose the pattern type—this determines the net type
Draw motif in an enlarged fundamental region
Save and/or print the resulting pattern

Features Works (so far) on any Macintosh computer
Adjusts to screen size
Works in colour, black and white, or greyscale
User may vary size and shape of cell within its net type
Motif specified via mouse or exact typed coordinates

Notes The majority of plane patterns in this book were produced by polynet, for example
Figure 6.30, in case of design plus accident, and Figure 6.31, in which motif coordinates were
precisely calculated.

Indeed, many users have obtained surprising and striking results by complete ‘accident’,
by drawing partly ouside the fundamental region and thereby creating overlap which can be
very hard to predict.
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7

Vectors and matrices

In this chapter we ease the transition from vectors in the plane to three dimensions and
n-space. The angle between two vectors is often replaced by their scalar product, which
is in many ways easier to work with and has special properties. Other kinds of vector
product are useful too in geometry. An important issue for a set of vectors is whether it is
dependent (i.e. whether one vector is a linear combination of the others). This apparently
simple idea will have many ramifications in practical application.

We introduce the first properties of matrices, an invaluable handle on transformations in
2-, 3- and n-space. At this stage, besides identifying isometries with orthogonal matrices,
we characterise the matrices of projection mappings, preparatory to the Singular Value
Decomposition of Chapter 8 (itself leading to an optimal transform in Chapter 10.)

7.1 Vectors and handedness

This section is something like an appendix. The reader may wish to scan quickly through
or refer back to it later for various formulae and notations. We reviewed vectors in the
plane in Section 1.2.1. Soon we will see how the vector properties of having direction
and length are even more useful in 3-space. The results of Section 1.2.1 still hold, but
vectors now have three components rather than two.

7.1.1 Recapitulation — vectors

A vector v consists of a magnitude |v|, also called the length of v, and a direction. Thus,
as illustrated in Figure 7.1, v is representable by any directed line segment AB with the
same length and direction. Note that |v| = |A B|. Vectors may be added ‘nose to tail’, also
illustrated in Figure 7.1. Further, if « is a real number, often called in this context a scalar,
we can form the product av: scale the length of v by a factor |«|, and reverse its direction
if « is negative. This is a very convenient system, allowing us to write —aa for (—o)a,
—a for (—1)a, and a/« for (1/a)a, and to define subtraction bya — b = a + (—b) (see
Figure 1.7).

115
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4 L B (13

—> (-23Ww
-

u +
e 23w

Figure 7.1 Vector addition, and multiplying a vector by a scalar.

We use 0 for the anomalous vector with length O and direction undefined, and refer
to vector a as being nonzero if @ # 0. Two vectors are (by definition) equal if they have
the same magnitude and direction. We follow the custom of writing @ = PQ = RS to
mean that the length and direction of all three are the same, although PQ and RS have the
additional property of a position in space (not necessarily the same position). Now we
give a simple definition and remark with far-reaching usefulness in the sequel. Note that
in forming a/|a| we are scaling the length |a| of a by a factor 1/|a|, so the new length
is 1.

Definition 7.1 A unit vector is a vector of length 1. A set of mutually orthogonal, i.e.
perpendicular, unit vectors is said to be orthonormal.

If a is any nonzero vector then a/\a| is a unit vector. (7.1)

7.1.2 Recapitulation — coordinate axes

In ordinary Euclidean 3-space, three mutually orthogonal unit vectors i, j, k, starting
from a chosen origin O, define coordinate axes as in Figure 7.2. A directional convention
we will normally use is that vectors arrowed down and to the left point out of the paper
towards the reader. This means that any point P has unique coordinates x, y, z (with
respecttoi, j, k), defined by

OP = xi + yj + zk. (7.2)
We use (x, y, z) to mean, according to context,

1. The point P,
2. The position vector OP of P,
3. Any vector with the same magnitude and direction as OP.

7 §

P(x, ,2)

(b) z
U—1—»

R 0

Figure 7.2 How coordinates (x, y, z) define the position of a point P, starting from the
origin. Vector i points towards the reader, with j, k in the plane of the paper.
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In 2 and 3 we call x, y, z the components of the vector with respect to i, j, k, which
itself is an orthonormal set, since i, j, k are orthogonal, of length 1. They are also called
a basis for 3-space because any vector is a unique linear combination (7.2) of them. To
add vectors, we add corresponding components. To multiply by a scalar, we multiply
each component by that scalar.

Notation 7.2 The point A will have position vector a, with components (a, az, as).
Similarly for other letters, except P(x, y, z). For the distance |OP| we have

|OP|* = x*> + y> + z?, by Pythagoras,

hence

|AB| = /(b1 — a1)? + (by — a2)? + (b3 — a3). (7.3)

Proof In Figure 7.2(b) we have |OP|?> = |0Q|*> + |QP|* by Pythagoras in triangle
OPQ, = (x?> + y?) + z%, by Pythagoras in triangle OQR. For (7.3) we may imagine the
line segment AB translated so that A becomes the origin and B plays the part of P. Then
P has coordinates x = b; — ay, and so on, and |AB|*> = |OP|>.

Direction cosines For general OP these are the cosines of the angles «, 8, y between OP
and the positive directions on the x-, y- and z-axes. The angle y is shown in Figure 7.3.
Thus with |OP| =r we have x = rcosa,y =rcosf,z =rcosy.

Exercise Prove that cos? o + cos? 8 + cos’ y = 1.

7.1.3 Right handed versus left handed triples

In Section 1.2.3 we used the idea of the sense (clockwise or anti-clockwise) of a non-
collinear triple of points in the plane. Here we investigate its analogue in 3-space. By
convention i, j, k is always a right handed system or triple, as in the definition below.

Definition 7.3 Vectors a, b, ¢ are coplanar if the points O, A, B, C are coplanar. An
ordered triple a, b, ¢ of non-coplanar vectors is right handed if:

P(x,y, 2)

Y Z= rcosy

>
o
x / (x,, 0)

Figure 7.3 The direction cosine of OP with respect to the z-axis is cos y .
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Right handed: a, b,¢ b,c,a c,a, b
Left handed: ¢, b,a a,c,b b, a,c

Figure 7.4 Right handed versus left handed triples, with a towards the reader.

in plane OAB viewed from C, the rotation about O that moves A to B by the shorter
route is anti-clockwise (i.e. the sense of OAB is anti-clockwise),

otherwise a, b, ¢ is a left handed triple (NB: a, b, ¢ need not be orthogonal in this
definition).

We see that if a, b, ¢ is right handed then so are the cyclic shifts of this ordering, namely
b,c,a and c,a, b. The other possible orderings, the reverses of the above, are then the
left handed ones.

Right Hand Corkscrew Rule The righthandedness condition is equivalent to the state-
ment: ¢ points to the same side of plane OAB as the direction of motion of a right handed
screw placed at O perpendicular to this plane, and turning OA towards OB. An alternative
description of right-handedness in the case a, b, ¢ are mutually perpendicular is: if the
first finger of the right hand points along OA and the second along OB, then the thumb,
when at right angles to the first two, points along OC.

With a computer screen in mind it is quite usual to take our b, ¢ as defining respectively
x-, y-axes, in the plane of the page/screen. Then the z-axis points towards the reader in a
right handed system and into the page/screen in the left handed case.

Exercise Is the triple a, b, ¢ right or left handed, where a = (0, 0, —1),b = (-1, 1, 0),
and ¢ = (1, 0, 2)? What if the order of a, b is interchanged? See Theorems 7.41, 7.42.

7.1.4 The scalar product

Given a pair of vectors we may calculate, as below, a scalar product. From this flows a
systematic and short way to determine for example (i) the angle between vectors and (ii)
whether a triple is right handed.

Definition 7.4 The dot (or inner) product of vectors u and v is
U-v=ujvy + urvy + uzvs. (7.4)

Angles Other notations are (u, v), (4, v), (u|v). The angle properties of this product
stem from (7.5) to (7.7) following.

u-u=|ul (7.5)
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If ¢ is the angle between nonzero vectors u, v u
(that is, the one satisfying 0 < ¢ < ) then
4
v
u-v
0S¢ = . (7.6a)
|| 0]
(Component formula) A vector u has components u -i,u - j, u - k. (7.6b)

These are its direction cosines if u is a unit vector. Thirdly, expressing the inner product
in terms of distances (see also (7.8)).
2u-v=u®+|v?*—|u—v? (7.7)

Proof Formula (7.5) is the trivial but useful observation thatu - u = u% + u% + u%, whilst
(7.6) comes from the Cosine Rule in triangle OUV (Figure 7.5) and (7.7) is by direct
calculation:

U
2Jul|v|cos ¢ = |u|® + |v]*> — u —v|>*  (Cosine Rule)
u —
:(u%—i—u%—i—u%)—i—(v%-ﬁ-v%—i—v%) o ‘oY
— (@ —v)* — (2 — v2)* — (u3 — v3)° v v
= 2uyv; + 2uavy + 2u3v3 = 2u - v. Figure 7.5 The cosine rule.

So cos¢ = u - v/|u||v|. The deduction (7.6b) about components is typified by u; =
|u| cos o (where « is the angle between u and the x-axis) = |i||u|cosa(as [i| =1) =
u -i (by (7.6a)). Thus, if |u| = 1 thenu; =u -i = cosa.

Basic properties Definition 7.4 of scalar product # - v was given in coordinates, but by
(7.7) it is independent of the choice of i, j, k, even if we should choose a left handed

system. The basic commutative and distributive laws stated below are a consequence of
(7.4).

v-u=u-v,
u-vt+w)=u-v+u-w,
u-(av) =a(u-v)=(oxu) - v. (7.8)
Notice that (7.7) now follows from (7.8) without the Cosine Rule, for |u — v|*> = (u —
v)-W—v)=u-u+v-v—u-v—v-u=|u?+ |v]*> —2u - v. Any scalar product of
two vectors that satisfies (7.8) is called an inner product, with the dot product as standard

inner product. We need the compact notation of the Kronecker delta 3;., defined as 1 if
i = k and O otherwise.

Theorem 7.5 (a) Two nonzero vectors u, v are perpendicular if and only if u - v = 0.
(b) Three vectors ey, ey, es are mutually orthogonal unit vectors (form an orthonormal
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set) if and only if
e; e, = O. (7.9)

Proof The argument is simple but important. We use the notation of (7.6).

@u-v=0&cos¢p=0%& ¢ =mn/2 (i.e.u and v are perpendicular).

(b) (7.9) combines two statements: (i) e; - e; = 1 < |e;|> = 1 < e; is a unit vector, and
(ii) e; - e = 0if i # k. That is, the three vectors are mutually perpendicular.

Notice that ey, e,, e3 play the same role as the orthonormal #, j, k. This often helps
notationally, as in Chapter 8. Further results about vector products must be postponed
until we have reviewed matrices in Section 7.2.

Exercise Show that the vectorsa = (1,2, 3)and b = (6, 3, —4) are perpendicular (The-
orem 7.5). Find the angle between a diagonal OA of a cube and an adjacent face diagonal
by using suitable coordinates for A. (Use (7.6).)

7.1.5 A trip through n-space

Though 3-space is an important concern, it is essential for the sequel that we consider
vectors with more than three components. The current Section, 7.1.5, will be more abstract
than most in Chapter 7, but it serves as an introduction to general abstract vector spaces,
as well as providing a necessary foundation for our particular cases.

We define R" to be the set of all n-tuples x = (xy, x2, ..., X,), where we call x both
a vector with components x; and a point with coordinates x;, as in the case n = 3. We
perform the same calculations with coordinates as before, for example adding vectors
and multiplying by a scalar. The dot product extends simply to

U-V=uvy + U+ -+ Uyvy,

for which (7.1) to (7.9) continue to hold, with the proviso that the angle between vectors
u, vis now defined by (7.6a): cos ¢ = u - v/|u||v|, where |u| = /> ”52 =u - u,and the
component formula (7.6b) requires a separate proof (Theorem 7.14). The unit sphere in
n-space is $"7! = {x e R": |x| = 1}.

Setting n = 3, we obtain the usual model of our three-dimensional world. Thus S is
a circle in the plane and S? the usual sphere in 3-space.

Definition 7.6 Vectorsu, u,, ..., u; in R" are called linearly dependent, or LD, if some
linear combination M\u| + houy + - - - + Aruy equals 0 (i.e. the zero vector (0, 0, .. ., 0)),
where not all the coefficients A; are zero. In this case any vector with nonzero coeffi-
cient, say A; # 0, equals a linear combination of the rest, u; = (—Ay/Apuy + -+ - +
(=g /A)uy. The u; are called (linearly) independent, or LI, if they are not dependent.
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An often useful test is:

ui, Uy, ..., u; are independent (LI) if, for any scalars c;,
ciuy + coup + - - - + cu = 0 = all ¢; are zero.

Theorem 7.7 Any n + 1 vectors in R" are linearly dependent.

Proof We use the Principle of Mathematical Induction. That is, if the result holds for
n =1, and its truth for n = k implies its truth forn =k + 1 for k = 1,2, 3, ..., then
the result holds for all n € N. Proceeding with the proof we check the case n = 1:if a, b
are two numbers then there are coefficients A, p, not both zero, such that A, + ub = 0.
This is almost trivial, for if a = b = 0 we may take A = p = 1, whilstifa # O then A =
—b/a, u = 1 will do; the remaining case a = 0, b # Oiscoveredby L =1, u = —a/b.
So suppose that Theorem 7.7 is true for some positive integer n = k. We are to deduce
the truth forn = k + 1.

Thusletu,, ..., uy > bek + 2 arbitrary vectors in R¥*!. To deduce they are dependent,
suppose, reordering if necessary, that c;» # 0, and consider the k + 1 vectors

v =u; — (Ci/Cry2)Ups2 (I<i<k+1.

Since the last coordinate of each is O by construction, these amount to k + 1 vectors
in R¥, so by the inductive hypothesis there are scalars A; (1 <i < k + 1), not all zero,
such that ) 1;v; = 0. But from the definition of the v; this gives a linear relation on
uy,...,u.» with not all coefficients zero. Hence these vectors are LD and the theorem
follows by induction.

Theorem 7.8 Ifuy, u,, ..., u, are linearly independent vectors of R" then they form a
basis of R", that is, any a in R" is a unique linear combination of uy, us, . .., u,.

Proof The n 4 1 vectors a, uy, us, ..., u, are dependent by Theorem 7.7, so we have
that Aoa + Aju; + Aty + - - - + A,u, = 0 with not all coefficients zero. In fact Ag is
nonzero, otherwise the u; would be dependent. Thus a is some combination of the vectors
u;. Furthermore, the combination is unique, because a = Y  Au; = Zkgui implies
> (A —A)u; = 0 and hence, since the u; are independent, each coefficient A; — A;’
is zero, or A; = A..

Definition 7.9 We have considered n-space, R”, consisting of n-vectors, but we need
something broader because, for example, a plane through the origin in R? is effectively
a copy of R?. We define more generally a vector space V to be either R” for some 7, or
a subset thereof closed under vector addition and multiplication by scalars. If U, V are
vector spaces with U, C V we say U is a subspace of V (or V is a superspace of U). As
before, a basis of V is a subset B = {vy, ..., v,} such that every element of V is a unique
linear combination of the v; (this idea was first introduced at (4.2)). To find B we may
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Figure 7.6 Exemplifying Part (ii) of Theorem 7.10. With respect to the basis {i, j} we
have OP = 3i + 2j, but taking {v;, v} as basis gives OP = v + 2v;.

use its property (see below) of being a maximal linearly independent subset (MLI) of V.
That is, B itself is LI but the set vy, ..., v,, a is dependent for any @ in V.

Theorem 7.10 (a) B = {vy, ..., v,} is a basis of a vector space V if and only if B
is a maximal linearly independent subset. (b) Every basis of V has the same size. See
Figure 7.6.

Proof (a) If B is a basis it is clearly MLI, for any further element a of V is by definition
a linear combination of the v;. Conversely, suppose B is MLI and let a be in V. Then
the n + 1 vectors vy, ..., v,, a are dependent so a is a linear combination )  A;v;. To
show this combination is unique, as required for a basis, suppose that alsoa = ) u;v;.
Then, by subtraction, 0 = > (A; — u;)v;, implying by the independence of the v; that
A; = w; for each i. Thus our arbitrarily chosen vector a is a unique linear combination
of vy, ..., v,, which therefore form a basis.

(b) Suppose uy, ..., u, and vy, ..., v, are bases of V, with m > n, and express each u;
in terms of the v-basis, say

up =anv + -+ an,vy,
U = a vy + - -+ az vy,

Up = Qp1V + - -+ Ay U

Then we have m vectors of coefficients (a;1, . .., a;»), 1 <i < m. Since these vectors lie
in R", and m > n, they are dependent by Theorem 7.7. But this implies that uy, .. ., u,,
are dependent, a contradiction since they form a basis. Hence m > n is impossible, and
by symmetry so is n > m. Thus m = n as asserted.

Definition 7.11 The dimension of a vector space is the number of linearly independent
vectors required for a basis. This is well-defined, by Theorem 7.10, and shown by Theo-
rem 7.8 to be n for R", as we would hope. The zero vector is by definition in V, and if it
is the only member then V is allocated dimension O since no basis elements are required.
Agreeably, lines and planes have respective dimensions 1 and 2.

We may abbreviate a list e, e;, ..., e, to {e;}1<i<s, or simply to {e;} if the range
of i is known from the context. Then {e;} is called an orthonormal set if its members
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are mutually orthogonal unit vectors or, more briefly, e; - e, = §; (1 < i, k < n) as used
earlier for the case n = 3 in (7.9). If in addition {e;} is a basis, it is called an orthonormal
basis, or ONB.

Finding a basis Letuy, ..., u, lie in vector space V. Their span, defined as
span{uy, ..., u,} = {all linear combinations of the u;},

is a subspace of V. If it is the whole of V we say the u; span V. Theorem 7.10 shows
that the u; form a basis of V if and only if two of the following hold (they imply the
remaining one):

1. {uy,...,u,}spans V,
2. m = DimV (the dimension of V),
3. {u1,...,u,} is linearly independent. (7.10)

Example 7.12 (i) Extend the sequence of vectors uy, u,, u; below to a basis of RY,
(ii) find a basis for the space spanned by vy, v,, v3 below.

u =(1,2,3,4), v =(1,2,1),
u, =(0,1,5,1), v, =(0,1,2),
uz; =(0,0,2,3), v = (1,3, 3).

Solution (i) We are given the dimension is 4, and the vectors u; are LI because of the
‘triangle’ of zeros. Formally, Au + pv+vw =0 = (3,22 + 1,34+ 50 +2v) =0 =
A, i, v = 0, so Definition 7.6 applies. Thus by criteria 2, 3 of (7.10) we only have to find
a vector that is not a linear combination of them. An easy solution is u4 = (0, 0, 0, 1).

(ii) Since v3 = v + v, this vector is not required. Also v, v, are LI, for one is not
a multiple of the other. Hence {v;, v,} is a basis by satisfying criteria 1, 3 above. The
space they span thus has dimension 2.

Remarks 7.13 (1) Extending to a basis As exemplified in (i) above, every LI subset of
V may be extended to a basis: we repeatedly append any vector not dependent on those
already chosen. Since we are working within some R” of finite dimension, we must finish
with an MLI set, hence a basis.

(2) A dimension argument If X = {xy,...,x;}and Y = {y,,...,y,} are sets of lin-
early independent vectors in a space V, with s 4+ ¢ > dim V, then span(X) and span(Y)
have a nonzero vector z in common.

Proof of (2) The set X U Y has more than DimV vectors, so it is LD. Hence one vector,
say x1, is a linear combination of the rest. That is, it is a linear combination of vectors of
which some are in X, some in Y, some possibly in both, and we may write x| = x +y,
where x is in span(X) and y in span(Y). Then z = x; —x = y is common to span(X)
and span(Y).

(3) Orthogonal vectors are independent.
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Proof of (3) Let uy, ..., u, be nonzero orthogonal vectors in a space V, and suppose
there is a linear relation ) A;u; = 0. Then for any k with 1 < k < m we have

0=uy - Zi Al = Zi Ai(uy - u;) = A(uy - uy)  (the us being orthogonal)

= hclue]?.
Since uy; # 0, this implies that Ay = 0(1 < k <m), and souy, ..., u,, are independent.
Theorem 7.14 (The Component Formula) Suppose that the n vectors ey, e, ..., e, in

R" are an orthonormal set, that is, e; - e, = 6, (= 1 ifi = k, otherwise 0). Then {e;} is
an orthonormal basis of R", and any vector a in R" has components a; = a - e; with
respect to this basis. That is, a = a,e| + - - - + a,e, (and |a|* = Zaiz).

Proof Firstly, the e; are independent as shown above and, since there are n of them,
they form a basis by Theorem 7.8. (They are given to be an orthonormal set, so this
basis is orthonormal.) Thus @ = ae; + - - - + a,e, for unique coefficients a;. Take the
scalar product of each side with e, say. We obtaina - e, = (a1e; + - - - + a,e,) - e; which
(again since e; - ¢; = 01if i # 1) givesa - e; = aje| - e; = a; as required. Similarly for
the other coefficients ;.

Definition 7.15 The coordinates x; of the pointx = (xy, x2, ..., x,,) are the components
of x w.r.t. the standard basis ey, e,, . . ., e,, where e; has a 1 in the ith place and zeros
everywhere else. That is, x = x;e; + xe2 + - - - + x,e, with e = (1,0,...,0),e, =
0,1,0,...,0),...,e,=1(0,0,...,0,1). Note that the e; are used to refer to basis
vectors generally, so cannot be assumed to be the standard basis unless explicitly de-
fined to be, as in this paragraph. In ordinary 3-space, whichever orthonormal basis
i, j,k we choose becomes the standard basis by definition, for in coordinate terms
i=(1,0,0),j=(0,1,0),k=(0,0,1).

Example 7.16 One orthonormal basis of R* is e; =(1/2)(1, 1,1, 1), e> = (1/2)(1, 1,
-1, =D, es=(1/2)1,-1,1,—1),e4 = (1/2)(1, —1, —1, 1). The components of
a=(1,2,3,4) with respect to this basis are a-e; =(1/2) x (1+2+3+4) =
5a-e0 = (1/2)A1+2-3—-4) =-2,a-e3=(1/2)1—-24+3—-4)=—1,a-e4=
(1/2)(1 =2 —3 +4) = 0. Soin facta is a linear combination of just the first three basis
vectors.

Exercise Express the vector (2, 1, 0, 1) as a linear combination of the basis vectors in
Example 7.16. Check your answer.

Definition 7.17 (Extending to an ONB) An orthonormal subset e, e;,...,e, of V,
with m < DimV, may be extended to an ONB by repetitions of the following steps for
m,m+1,...,(DimV) — 1; that is, until the extended set has size dim V.

1. Find a vector w independent of e, e, .. ., €,

2. Subtract from w its components w.r.t. the e;, to obtain, say, u,
3. Divide u by its own length to obtain e, |, where e[, 3, . .., €, is orthonormal.
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€
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w

€

Figure 7.7 Illustration of projection and the Gram—Schmidt process.

This is called the Gram—Schmidt process. To verify its efficacy we note first thatu # 0
since we obtained it by subtracting from w only a linear combination of e, €3, . . ., €,
of which w is independent by construction. It remains to show e; -u=0for 1 <i < m.
But

m m

éi-u=e; [W _Z(W 'ek)ek]zei W _Z(W -ek)e,- - ek
k=1 k=1
=€ W —W-¢€; (sinceei-ekzéik)zO_

If no orthonormal subset is specified we start with {e;}, where e, is as any nonzero vector
in V, divided by its own length.

Example 7.18 (i) Considering Figure 7.7, the vectors e, e; form an ONB for the plane
R? (shaded). An equally valid ONB results if we rotate the pair in its own plane, or
change the sign and hence sense of either.

(ii) If in the Gram—Schmidt process we have a basis e[, e;, w of R3, as depicted in
Figure 7.7, the next step is to subtract from w the sum of its components with respect to
e and e;. This sum is represented in the figure by OW; + OW, = OW'. 1t is called the
projection of w (= OW) onto the subspace spanned by e, e;. Subtracting it from OW
gives OW3 which, scaled to unit length, gives e3.

Exercise Find an orthonormal basis for span{u,, u3} of Example 7.12.

Definition 7.19 Following Example 7.18 we state more generally thatif e, ..., e, is an
ONB for a subspace V of U that extends to an ONB ey, ..., e, for U then e;41, ..., e,
spans a subspace called the orthogonal complement V+ of V in U and

(a) any w in U is a unique sum w’ +w*, withw’ e V,wt e V+,
(b) w’ is called the orthogonal projection of w onto V.

In Figure 7.7, OW’ is the projection of OW onto the plane span{e;, e,}, and span{es} is
the orthogonal complement of span{e;, e, } in R?. Because of the unique expression of a
vector in terms of basis elements, V* is the subspace consisting of the vectors of U that
are orthogonal to every vector in V. This in turn shows that V+ is independent of which
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ONB is chosen. The definition via some basis makes it clear that taking the orthogonal
complement twice brings us back to V.

Remark 7.20 The following result is used in various forms throughout the book: for
vectors x,y in R" we have (a) x - y < |x||y|, and therefore (b) |x + y| < |x| + |y|, and
©) |x —y| <|x —z| + |z — y|, the last called the triangle inequality because it states
that (not only in the plane but in n-space) the length of one side of a triangle does not
exceed the sum of the lengths of the other two sides.

@x-y < |x|lyl

Proof For all values of a real number ¢ we have the inequality 0 < z
(tx +y)-(tx+y)= x> +2(x - y)t + |y|>, by the formulac - ¢ =

lc|? and (7.8). Since this quadratic in ¢ can never be negative, it cannot

have two distinct roots

—x -y £/ -y? —xPlyP, x v

andso (x - y)* < |x|?|y|%. Because |x|?|y|> > 0, we may infer assertion (a). Furthermore,
(b) is equivalent to |x + y|*> < |x|> + |y|> + 2|x||y|, or, by the formula |¢c|*> =¢ - ¢, to
(a). Finally, |x —y| =[x —2) + @ — y)| = |x —z| + |z — y|, by (b).

7.2 Matrices and determinants

Matrices are used in linear equation solving (Example 7.35) and linear transformations,
each of which covers a great deal of ground. Our first major use will be in the probability
chapters 9 to 11, and then generally throughout the text. Determinants play a supporting
role in all this, for example detecting whether transformations are invertible, vectors
dependent, or coordinate systems right handed.

This section is a reminder of the most basic theory and an introduction to what
might not appear in a first course. Possible examples of the latter are matrix multiplica-
tion tips, Linear Dependence Rule 7.28(5), Vandermonde determinants, and especially
Section 7.2.5 on block matrix multiplication.

7.2.1 Matrices

ann an . ailp
Let A ay ayp ... ay an array of m rows of numbers
etA = .
arranged in n columns.
am1 Am2 ... Anup

Then we say A is the m x n matrix [a;], and call a; the ikth entry, or element. Thus
the rows of A are indexed by the first subscript, i, and the columns by the second, k.
Especially in proving results, it is sometimes useful to write (A); for a;. We may write
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A, xn to emphasise that matrix A is m X n; the set of such matrices, with real entries, is
R, xn. Equality of matrices, say A = B, means that A and B have the same type m x n
(i.e., the same number of rows and columns) and that a; = b for each pair i, k.

Definition 7.21 (Two special matrices) The sequence of all elements of type a; (the
diagonal elements) is called the main diagonal. The identity m x n matrix I (written I,
if ambiguity might arise) has diagonal elements 1 and the rest 0. The zero m x n matrix
has all its entries zero, and is usually denoted by ‘O’ (or often just ‘0’ if not displayed),
the context making clear that this is the intended meaning. If necessary we write O,,,,
or simply O, if m = n. Thus for example:

0 0 0 1 0 0

O;3=(0 0 0|, It=]0 1 0

0 0 0 0 0 1
Row vectors Any row [a;; ... a;,] forms a 1 X n matrix or row vector, which may
be identified with a vector in Euclidean n-space, a; = (a;1, . .., a;,). Also we write
A = Rows(a;) = Rows(ay, ..., a,), possibly with [ ] instead of (), to mean that matrix

Ahasrowsay,...,a,. Thus I, = Rows[(1, 0), (0, 1)]. Similarly for columns.

By analogy with the matrix notation A = [a;] we may specify a row (or column)
vector by its ith element, writing [x;] for [x; ... x,]and (x;) for (xy, ..., x,). Thus for
example [2i + 1]1<;<3 =[357].

Matrix sums and products Matrices may be added, and multiplied by scalars, in the
same way as vectors. Multiplication is different. If (and only if) the rows of matrix A
have the same length 7 as the columns of matrix B, then the product AB exists, defined by

(AB)y = (row i of A)-(column k of B) = Za,—sbsk, (7.11)
s=1

which is the inner product of row i of A and column k of B, regarded as vectors. Thus
if Aism x n and B is n x p then AB exists and is m x p. We emphasise that n is the
row length of A and column length of B. In forming AB we say B is pre-multiplied by
A, or A is post-multiplied by B.

Examples 7.22 Sometimes we subscript a matrix by its dimensions m x n, distinguished
by the ‘x’. For example it may be helpful to write A, x, Buxp = Cuxp-

b
(D) [a1aza3] |:b2:| =aja; + axb, + a3b3 = a - b,
b3

2 1
121 2 8
@ [2 3 5} {8 ﬂ:[“ 16]’
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(3)| rowi of AB = (rowi of A)B,
(4)| col jof AB = A(col j of B).

Cases (3) and (4) provide a useful insight to bear in mind: the rows of a product correspond
to those of the first matrix, whilst the columns correspond to those of the second.

Exercise Write down the products AB and BA for several pairs of 2 x 2 matrices A, B
until you obtain AB different from BA. Can you get this using only the numbers 0 and 1?

Definition 7.23 A diagonal matrix D is one which is square and has all its off-diagonal
entries zero: d; = 0 whenever i # j. Thus D may be defined by its diagonal entries,
D = diag(dy,, d», . . ., dy,)- The identity matrix D = [ is an important special case, as
we begin to see soon in (7.14).

Example 7.24 The case n = 3.

A0 0 1 25 AL 2h SM
0 A O 6 5 9| =[6] 5i 9N,
0 0 Az 1 0 7 A3 0 7is3

This leads us to see that, D being an n x n diagonal matrix,

diag(A; )Rows(R;) = Rows(A; R;), (7.12)
Cols(C;)diag(x;) = Cols(x;C;). '
In particular,
diag(ay, ..., a,) diag(by, ..., b,) = diag(a1by, . . ., a,b,), (7.13)
a matrix multiplied by the identity is unchanged,
Al = Aand IB = B. (7.14)

Example 7.25 The product of n copies of A is written A", with A° defined to be . The
usual index laws hold: A A" = A" (A™)y' = A™,

Exercise (i) Find the product A of the 2 x 2 and 2 x 3 matrices of Examples 7.22(2)
above. Can they be multiplied in either order? (ii) Write down a diagonal matrix D such
that DA is matrix A with the first row unchanged and the second row multiplied by —2.

Transposes The transpose AT of a matrix A is obtained by rewriting the successive
rows as columns. In symbols, (AT); = (A);; = ax;. Thus for example
1 4
1 2
A:[4 s Z] AT=12 5
3 6
Notice that we now have the option of writing a column vector as the transpose of a row
vector thus: [x; x» ... x,]T. We have the following three calculation rules of which the
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second, (AB)T = BTAT, is often called the reversal rule for matrix transposes.
(A+ B = AT+ BT, (AB)T = BTAT, (AT = (7.15)

Proof We prove the reversal rule by showing that (AB)" and BTAT have the same ik
entry for each pair i, k. We have

(AB)")y = (AB)yi by definition of transpose
=) arsby by definition of AB
=Y S(BT),-S(AT)Sk by definition of transpose
= (BTA"),; by definition of BTAT.

The third line used implicitly the commutativity of multiplication amongst numbers. In
the context of transposition, two useful concepts are the following. A square matrix A
is symmetric if AT = A, and skew-symmetric (anti-symmetric) if AT = —A. Notice that
in the skew case every diagonal element a;; satisfies a; = —a;;, hence the main diagonal
consists of zeros.

1 3 7 0O 5 -6
Symmetric: |3 —2 5 Skew-symmetric: | —5 0 2
7 5 6 6 -2 0

In particular, a symmetric matrix is determined by its elements on and above the main
diagonal, whilst a skew-symmetric matrix requires only those above. As we see above,
a 3 x 3 skew-symmetric matrix requires only three elements to specify it.

Remarks 7.26 (a) AAT is symmetric for any matrix A, whilst for square A we have (b)
A + AT is symmetric but A — AT is skew, and (c) A can be expressed uniquely as the
sum of a symmetric and a skew-symmetric matrix, namely

A=(1/2)(A+ A"+ (1/2)(A — AT, (7.16)
called respectively the symmetric and skew-symmetric parts of A.

Proof (AAN)T = (AH)TAT = AAT, by (7.15), whereas (A + AT)T = AT + (AN =
AT+ A = A+ AT, again by (7.15). The skew case is an exercise below. (c) The
equality holds trivially. To prove uniqueness, suppose that A has two expressions
A1+ B = Ay + B, (i), where Ay, A, are symmetric and By, B, skew-symmetric. Then
taking the transpose of each side yields a second equation A} — B; = A, — B (ii).
Adding (i) and (ii) we obtain 2A; = 2A,, and subtracting, 2B; = 2B,. Thus the sym-
metric and skew-symmetric matrices in (7.16) are unique.

Exercise Prove that if matrix A is square then A — AT is skew-symmetric.
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Example 7.27 The matrix A below splits into symmetric and skew-symmetric parts as
shown.

1 5 7 1 4 45 0 1 2.5
A=1|3 2 1|=]| 4 2 35|+ -1 0 =25
2 6 0 45 35 0 -25 25 0

This technique will be useful in (8.6) of the next chapter for determining the axis of a
rotation in 3-space from its matrix.

Exercise Find the symmetric and skew-symmetric parts of the transpose of A above.
Finally in this section we note that fortunately matrix multiplication is associative,
that is, if all the implied products exist then

(AB)C = A(BC). (7.17a)

As aresult, we may bracket the product of any number of matrices in any way we wish, or
omit the brackets altogether when writing such a product. The proof involves writing out
the ikth element of (A B)C as a double summation and reversing the order of summation,
which gives the ikth element of A(BC); indeed both may be written

(ABO)i = ) aybycy (7.17b)

and similarly (by induction) for any size of product. Another useful expression, from
straightforward application of Examples 7.22(3), (4), is

(ABO)i; = (row i of A)(col k of BC)
= (rowi of A) x B x (col k of C). (7.17¢)

Lastly, a most ubiquitous formula which we require first in Section 7.2.4, and often in
Chapter 8. Let Abe anm x n matrix and X = [x;x2 ... x,], Y = [¥1 Y2 ... yul- Then

XAYT =" a,x, ;. (7.17d)
r,s

Exercise Deduce Formula (7.17d) from (7.17b).

7.2.2 Determinants

Determinants (first introduced at (4.7)) are important for computing with vectors and
transformations, and for distinguishing between direct and indirect isometries in the
plane (see Section 1.2.3), and in 3-space and higher dimensions. Their role in integration
will be exploited in later chapters on probability.
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First results

We have already introduced 2 x 2 determinants, proving certain results and making
constructions for cells of plane patterns (see Notation 4.7 ff.):

a b
d

‘:ad—bc.

(In case n = 1, the determinant of A = [a;;] is defined to be a;;.) This enables us to
define the determinant of an n x n matrix A, denoted by det A or more briefly |A|, by
specifying how it is to be computed from determinants of (n — 1) x (n — 1) matrices.
We first define the minor of an element a; to be the determinant of the submatrix of A
obtained by deleting row i and column k. The cofactor Ay of a; is the corresponding
minor prefixed by + or — according to the sign of (—1)'T*. Then the determinant of A is
given by

Al = aiAn +apAin+ - +anwAn. (7.18a)
For example,
a a; as
b, b by b by b
n=23: b] b2 b3 = da 2 3—02 : 3—|—a3 ! 2.
c C3 c1 3 ¢l O
¢ C (3

Notice the cofactor signs alternate as we proceed along the row; indeed they must do
so, from their definition (—1)/**, as we proceed along any row or column. Moreover,
since a row or column may contain a proportion of zeros, it is useful to be aware of the
following possibilities.

Expansion by row i: |A| = Za,-rA,-r. (7.18b)
r=1
n
Expansion by column k: |A| = ZaskAsk. (7.18¢)
s=1

The determinant below is most simply expanded by its third column, which contains two
Zeros

D23 g

=315 -2 6/—-8]2 1 9.
> =2 0.6 2 4 1 5 -2 6
2 4 8 1

There follow some rules that will be very useful in the sequel; they are proved in the last
section, 7.5. The first rule will be used to justify the expansion of |A| by any row, given
the expansion by row 1, whilst |AT| = | A| extends this to expansion by any column. (For
machine computation, see Golub & van Loan, 1996.)
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Rules 7.28 (Evaluating determinants)

1. Switching two rows or columns changes the sign of a determinant. Hence a deter-minant
with two identical rows or columns must equal zero.

2. Multiplying each element of a row (or each element of a column) by the same scalar o
multiplies the determinant by «.

3. The value of a determinant is unaffected by the addition of a multiple of one row to another.
Similarly for columns.

4. |AB| = |A||B| and |AT| = |A|.

5. |A| = 0if and only if some linear combination a;C; + a,C, + - - - + a, C,, of the columns
(or of the rows) of A is zero. Of course, not all the coefficients a; are allowed to be zero.
Thus the condition amounts to linear dependence of the columns (or of the rows). (For the
case n = 3 see also Theorems 7.41(c) and 7.42).

Example 7.29 Inevaluating the determinant below we have first simplified by subtracting
2x column 1 from column 2, then 5x column 1 from column 3 (Rule 3).

125 (10 o0 L s
25 2[=2 1 —8=1-'4 _2‘=—2+32=30.
163 |1 4 -2

Exercise Use some of Rules 1-5 to evaluate the above determinant in a different way
(the answer should of course be the same).

Three special cases

d 0 0
(1) (Diagonal matrices) |0 e 0| =d ¢ 0‘ (plus two zero terms) = def
0 0 f 0 7

More generally, the determinant of diag (dy, ..., d,) equals did, .. .d,, the product
of the diagonal elements.
(2) (Triangular matrices) An upper triangular matrix is one with its nonzero elements
confined to the diagonal and above. That is, it looks like the example following, with a
triangle of zeros below the diagonal.

! ; 421 2 45 d; 6
: g el=d| 4 6| =dd : d‘:d1d2d3d4.
3 d 4
dy *

Expanding each determinant above by its first column, we see that, for this larger class
than (1), the determinant is still the product of the diagonal elements. The same holds for a
lower triangular matrix, with zeros above the diagonal, because the upper and lower types
are transposes of each other, and |AT| = |A|. In fact, converting a matrix to triangular
form by row operations can be the easiest way to evaluate a determinant. Notice too
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that the rows of a triangular matrix with nonzero diagonal elements are independent, by
Rule 5.

Triangular matrices are developed further in Section 8.3.3, where they provide an
important matrix factorisation algorithm which is used for simulation with the normal
distribution in Section 11.3.5 and later.

Exercise Find |A|, where A = Rows [(1, 2, 3, 4), (0, 0,2, 9), (0, 0,0, 4), (0, 5, 6, 0)].

Notation We use det A rather than | A| if the vertical lines | | might be construed as the
modulus or absolute value of a number, or as the norm of a vector. Thus the absolute
value of the determinant is written | det A|. Notice that when we evaluate the determinant
of a matrix the result is a polynomial in the matrix elements, since we use multiplication,
addition and subtraction, but not division. Here is a result which may give this polynomial
in a factorised form, bypassing a potentially tedious calculation; then we are ready for
Vandermonde.

Theorem 7.30 (Factor Theorem) Let o be a real number, f(x) a polynomial. Then x — «
is a factor of f(x) if and only if f(a) = 0.

Proof Suppose we divide x — « into f(x), obtaining quotient ¢(x) and remainder R.
Thatis, f(x) = qg(x)(x — @) + R. Setting x = «, we obtain R = f(«). Hence the result.

Example 7.31 (i) Let f(x) = x> — x* + x> 4+ 9x — 10. It is not obvious that this poly-
nomial hasafactorx — 1,but f(1) =1—1+4 1+ 9 — 10 = 05so, by the Factor Theorem,
x — 1 is a factor.

(i) Let f(x)=x>—(a+b+c)x*+ (ab+ bc + ca)x — abc. This looks pretty
symmetrical; in fact we find that f(a) =0, and the same for f(b), f(c). By the
Factor Theorem (x —a),(x —b),(x —c¢) are all factors of the third degree
polynomial f(x), which is therefore a constant multiple K of their product: f(x) =
K(x — a)(x — b)(x — c). Finally, the coefficient of x> in f(x)is 1,s0 K = 1.

(iii)) The Factor Theorem is particularly powerful for certain polynomials defined as
determinants. Let f(x) be the quadratic polynomial:

1 1 1 1 1
fxX)=|x b ¢, so that fb)y=|b b c|,
x2 b P b2 b* 2

which equals zero since two columns are identical (Rule 1). By the Factor Theorem
x — b is a factor of the quadratic polynomial f(x). Similarly, so is x — ¢, and hence
f(x) = K(x — b)(x — c), where the constant K is given by (expanding f(x) by its first
column)

K = [coefficient of x? in f(x)] = ’llo

l‘zc—b.
c

Exercise Repeat (iii) for the 4 x 4 matrix with ithrow [x' b’ ¢/ d'],0 <i < 3.
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(3) (Vandermonde determinants) An inductive step based on the arguments above (NB
the exercise) gives a formula for the general Vandermonde determinant,

1 1 1
a) ar a,
_ 2 2 2| —
A= a a, ... ... a; —H(ai—aj),
i>j
n—1 n—1 n—1
a, a, Y 1

in which the requirementi > j causes exactly one of the differences a, — a, anda, — a,
for each pair p # ¢ to appear in the product. In particular A is nonzero if and only if the
a; are distinct (that is, no two are equal). Sometimes it is more convenient to change >
to < in the formula and prefix (—1)", where N is the number of factors. Let us verify the
formula in the case n = 3, which asserts that A = (a3 — a»)(a3; — a1)(az — a;). We have
already computed this case as f(x) with (aj, a2, a3) = (x, b, ¢), and the results agree
(check).

A Vandermonde determinant is nonzero if and
only if the a; are distinct.

The property in the box above is used in, for example, the moment-generating functions of
probability (Section 10.3.2) and in the theory of error-correcting codes (Section 13.2.4).

Exercise Use some of Rules 1 to 5 to evaluate the determinant of Example 7.29 differ-
ently. The answer of course should be the same. Give the argument of Example 7.31(iii)
in the case n = 4.

7.2.3 The inverse of a matrix

Let A be an n x n matrix. Then there is an inverse matrix of A, i.e. an n x n matrix A~}
such that

AAT' =T =A71A, (7.19)

provided the necessary and sufficient condition det A # O holds. This follows from
Cramer’s Rule below. Inverses are unique, for if A~! exists and AP = I then left multi-
plication by A~! gives P = A~!. Calculations are reduced by the fact that, for an n x n
matrix P,

AP =1 PA =1 & P isthe inverse of A, (7.20)

and furthermore

AB)Y'=B7'A"!,  AD'=@AYT,  and A=A | (721
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The first formula of (7.21) is called the Reversal Rule for matrix inverses, and includes
the assertion that if A and B are invertible then so is AB. The second asserts that if A
is invertible then so is AT, with inverse the transpose of A~!. Compare the similar rule
for transposes in (7.15). A single application of each rule shows that if A, B commute,
that is AB = BA, then so do their transposes, and so do their inverses if they exist.
Finally, if an inverse exists then Cramer’s Rule below will find it, for AB = I implies
no linear combination of rows of A is zero, thus |A| # 0 (see Example 7.22(3) and
Rule 7.28(5)).

Exercise Deduce the Reversal Rule for inverses from (7.19). Does (7.20) help?

Theorem 7.32 (Cramer’s Rule) The inverse of a matrix A = [a;] with nonzero deter-
minant is |A|~'[by], where by, is the cofactor of ay; (see (7.18)).

Proof With B = [by] we have (BA); = ), byaxj = Y, ajAwi. If i = j this is the
expansion of |A| by column i of A. Otherwise it is the same as the expansion ) , ax; A;
of [A| by column i, but with a; in place of ay; (for all k). The result is the determinant
of a matrix with ith and jth columns identical (note: A;; does not involve column i of A),
and hence is zero by Rule 7.28(1). Thus BA = |A|I, or (|A|"!B)A = I, as required.

1
Casen =2 Let A = ab .Then A~' = — d
cd |A| | —c¢

For example 3 2 71—1 > 2
Ple s| T3|-6 3|

Inverses in practice Though convenient to state, Cramer’s formula involves much
arithmetic if n > 2, and we give it only for completeness, since most inverses we re-

_ab} , if |A] # 0. (7.22)

quire will be evident by shortcuts. As a simple example the matrix corresponding to
a rotation through an angle 6 has inverse corresponding to rotation by —6 (see Ex-
amples 7.35 below). Also, any polynomial equation in a matrix yields a formula for
the inverse. For example A> — 3A — I = 0 rearranges to A(A — 31) = I, showing that
A~ = A —3]. For an important method based on row operations and involving less
calculation than Cramer’s Rule, see ALGO 8.2 in the next chapter. Here we note the
following.

A diagonal matrix D = diag(d,, . .., d,) is invertible if and only if its
diagonal elements are nonzero, and then D™' = diag(d; h dh.

Matrix inverses, and bases Let {u;} and {v;} (1 < i < n) be bases for the same vector
space. Expand each basis element in terms of the other basis, say

n n
u = E Pijvj; vj = E qjxU-
j=1 k=1

Then P = [p;;] and Q = [gj] are mutual inverses, or PQ = I. (7.23)
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Proof Substitute for v; in the expression for u; to obtain

ZEDNIDWTTEDD (Z Pv%‘k) =) (POt
j k k j k

This expresses u; in terms of the basis {u;} and since (by definition of basis) such an
expression is unique, it must reduce to u; = u;. Thus (P Q); = 1 if i = k, otherwise 0.
In other words, PO = 1.

Example 7.33 Let £ = Rows(eq, ..., e;) and A = Rows(uy, ..., u;), where the e; are
orthonormal and the u; only independent, both lying in R* with n > k. Prove that
(i) EET = I and (ii) the matrix AAT is invertible.

Solution (1) (EET),-j =e; -e; = §;;, since the e; are given to be orthonormal. That is,
EET = I. For (ii) we apply Part (i) to an ONB {e;} for span(u, ..., u;), which may
be found by the Gram—Schmidt process of Definition 7.17. Then each u; is a unique
linear combination, say »_ j bijej, or, equivalently, row i of A = (row i of P)E, where
P = [pij]. Thus A = PE (if in doubt, see Example 7.22 (3)). But {u;} are independent
and so themselves form a basis of span{u, ..., u;}. Hence P is invertible by (7.23) and
we may argue that AAT = PEETPT = PPT, which is invertible by (7.21).

Exercise Let the square matrix A satisfy (I — A)* = 0. Deduce that A~! exists, and find
an expression for it.

7.2.4 Orthogonal matrices

Definition 7.34 An n x n matrix A is called orthogonal if AAT = I. Such matrices
will turn out to be exactly those that describe point-fixing isometries in n-space. The
orthogonality condition is equivalent to each of

(@) ATA=1,
(b) A has an inverse, and A~! = AT,

(c) the rows (or columns) of A form a set of n orthonormal vectors, that is, mutually orthogonal
unit vectors.

Proo
f ATA=1 < Alistheinverseof A by (7.20)

s AAT =1 by (7.20)

& (AAN), = 8, (1if i = k, otherwise 0)

& (row i of A) - (column k of AT) = 6

< (row i of A) - (row k of A) = &

< the rows of A form an orthonormal set of vectors.

A slight addition to the argument justifies the assertion about columns of A, and is left as an
exercise. A nice consequence of (c) is that orthogonality is preserved under permutation
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of the rows or of the columns, and sign changes of whole rows or columns. Notice that
orthogonality in the form (c) may be the simplest way to check by inspection, as in the
following example.

Examples 7.35 (i) (Prime example) In Section 7.4.1 we will show how the matrix given
below describes rotations:
A [ cos ¢ sind)] ‘

—sin¢g cos¢

It is orthogonal for any angle ¢ because (i) its rows have length ./(cos®¢ +
sin? ¢) = 1, and (ii) they are orthogonal, since their inner product is (cos ¢)(— sin ¢) +
(sing)(cos ¢) = 0.

(ii) A classical use of matrices is to write equations in compact form, exemplified as
follows. The system of three equations

x+2y—2z= 6 1 1 2 =2 X 2
2x+y+2z=9 becomes 3 2 1 2 y | = 314,
2x =2y —z=-3 2 -2 -1 Z -1

which we write as AX = H, where X = [x y z]. It happens here that A is orthogonal,
so the inverse of A is immediately known to be AT. Multiplying both sides of the equa-
tion by A~! we have a standard argument: AX = H = ATAX = ATH = X = ATH,
whence x = 2,y = 3,z = 1. Notice that AX = H is equivalent to the transposed equa-
tion XTAT = HT, that is to say [x yz]AT =[2 3 —1]. This way round is used in
Section 7.4.

Exercise Verify that the matrix A of (ii) is orthogonal by inspecting the rows, as in
Definition 7.34(c). Make a new orthogonal matrix based on A.

Remarks 7.36 (1) The determinant of an orthogonal matrix If A is orthogonal then
|A]?> = |A||AT| = |AAT| = |I| = 1, hence A has determinant +1 (which of Rules 7.20
were used?)

(2) Creating orthogonal matrices For a matrix S which is skew (i.e. ST = —S),
the product A = (I — S)(I + S)~! is orthogonal. First we establish the non-obvious
fact that (I 4+ S)~! actually exists: if it does not, then by Rule 7.28(5) some lin-
ear combination ), x;C; of the columns of I + S is zero. That is, (I + S)X =0,
where X = [x; x> ...]T # 0. But this gives a contradiction by 0 = XT(/ + $)X =
S+ S)ijxix; (by (TA7d) =37 x7 + Y sijxix; = Y, x7 (sinces;; = —si;) > 0.
For orthogonality,

AAT =T = HUT+ U+ HTU -9
= -SUT+ T+ 'I+S) by(7.21)and ST =-S5
=T —-SUT+S)'U-8'UT+S9)
=17 since I + S and I — S commute.
It can be shown that every orthogonal matrix can be obtained from such a product, by
changing the sign of certain whole rows or columns of A.
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0 1 1
Example §= 0 I+ 5=

1
2

by (7.22), and so (I — S)(I + §)~! boog|4fl —3) _1]3 4
. , and So — — — — _ .
g Lo |50 1 |T5]4 3

Definition 7.37 The set of all n x n orthogonal matrices, with multiplication as its law
of composition, is called the orthogonal group O(n) (it is a group, see Definition 2.19).

Exercises Show that the product of two orthogonal matrices is another orthogonal matrix
and hence that the orthogonal group is indeed a group. (Hint: see (7.15).)

7.2.5 Block matrices

An idea which aids proofs and calculations surprisingly often is that of a block matrix,
one partitioned into submatrices called blocks by dividing lines (drawn or imaginary)
between columns and/or rows. Some notable applications are the Singular Value De-
composition in Section 8.4, Principal Component Analysis in Section 10.4, the Discrete
Fourier Transform in Chapter 15, wavelets in Chapter 16, and B-splines in Chapter 17.

By convention a block of all zero elements may be designated by a single zero. Apart
from simply drawing attention to features of a matrix, the convenience of block structure
is that matrices can be multiplied ‘blockwise’, as if the blocks were single elements,
provided the column divisions of the first are identical to the row divisions of the second.
For example, if A, B, P, Q are matrices, [ is the p x p identity matrix, and p, q,r
indicate numbers of rows or columns in a block, then we may write

-
pl1 ’ O|lpll ’ P D 1 ‘ P
q[A ] B}r[O ] Q]_q[A \ AP+BQ]' (7.24)

There is no restriction other than matrix size on the number of divisions. More generally,
we may specify a block matrix by its (i, j) blocks; thus A = [A;lyxn, B = [Bijlax,
imply AB = [C;jlmxp, Where C; = ), AyBj;. The actual matrices may be represented
as

A]] Aln Bll Blp Cll Clp
e I e I (7.25)
Awi oo Apn] [ Bu1t ... By Cui ... Cyp
Of course we were already using the idea of blocks in the notation Rows(Ry, ...,
R,) and Cols(Cy,...,C,) =[C; ... C,]. Several other types we encounter deserve

special names by analogy with ordinary matrix/vector multiplication, and we offer these
to aid the memory.
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1 Block ‘scalar times vector’

B[C,...C,]=[BC,...BC,], (7.26)
Rows(Ry, ..., R,)B = Rows(R|B, ..., R,B). (7.27)
2 Block ‘inner product’
B,
[Ay... A ]| ... | =AB;+---+ A,B, (no. of columns of A; =no. of rows of B;).
B,
(7.28)

Three constantly recurring cases of this have A; as a single column, hence B; as
a single row. The second case was already used to prove invertibility of /7 4+ S in
Remarks 7.36.

R,
[xl...x,,] IXIR1+"'+X”R" (A,':.Xi,B,':R,'), (729)
| R
M
[Clcn] :y1cl+"'+yncn (Al :Ci, Bi :yi), (730)
L Vn
R,
(Russian multiplication) [C...Cy]| ... | = Ci{R; +---+ C,R,. (7.31)
Ry,
3 Block ‘weighted inner product’
dl Rl
[Cy...C,] oo | =diCIR + -+ 4d,CuR,,. (7.32a)
d, R,

This is a formula prominent in the Singular Value Decomposition of Chapter 8 (see
Theorem 8.53). It follows from (7.31) with d; R; in place of R;.

Examples 7.38 (i) Case (7.31) above is at first sight a strange one. After all, we have
defined matrix multiplication to be done by rows times columns, not, as here, by columns
times rows. Nevertheless it fulfils the requirements for block multiplication, and here is
an example.

1 -1 s 3 0 3 -1 -1
Standard multiplication: |2 0 [_1 4 1i| =4 6 0 |,
3 2 4 17 2

3x2 2x3 3x3
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